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Abstract 



The new notion of operator/matrix fc-tone functions is introduced, which is a higher 
order extension of operator/matrix monotone and convex functions. Differential proper- 
ties of matrix fc-tone functions are shown. Characterizations, properties, and examples of 
operator fc-tone functions are presented. In particular, integral representations of opera- 
tor fc-tone functions are given, generalizing familiar representations of operator monotone 

OO ' and convex functions. 
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X ■ Introduction 



A real continuous function / on an interval J of the real line is said to be operator monotone 
if A > B implies f(A) > f(B) for bounded self-adjoint operators A,B with spectra in J on 
an infinite-dimensional (separable) Hilbert space H, and the function / is said to be operator 
convex if /((l - t)A + tB) < (1 - t)f(A) + tf(B) for all such A,B and t € (0, 1), where 
f(A) denotes the usual functional calculus of A. If a real function / satisfies these properties 
whenever A, B are n x n Hermitian matrices with eigenvalues in J, then it is said that / is 
matrix monotone of order n and matrix convex of order n (or n-monotone and n-convex for 
short), respectively. The theory of operator/matrix monotone functions was initiated by the 
celebrated paper of Lowner [22], which was soon followed by Kraus [21] on operator /matrix 
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convex functions. After further developments due to some authors (for instance, Bendat and 
Sherman [5] and Koranyi [20]), in their seminal paper [Tl] Hansen and Pedersen established 
a modern treatment of operator monotone and convex functions. In [1'2\ \S[ 17] (also [T7]) are 
found comprehensive expositions on the subject matter. 

A remarkable feature of Ldwner's theory is that we have several characterizations of op- 
erator monotone and convex functions from several different points of view. The importance 
of complex analysis in studying operator monotone functions is well understood from their 
characterization in terms of analytic continuation as Pick functions. Integral representations 
for operator monotone and convex functions are essential ingredients of the theory from both 
theoretical and application sides. A typical example is the following representation of an 
operator monotone function / on (—1, 1): 

f(x) = f(0)+[ — —r— dfi(X), (0.1) 

J[-l,l] 1 - *X 

where fi is a unique finite positive measure /ion [— 1, 1] (see |14] [7] for details). The notion 
of divided differences has played a vital role in the theory from its very beginning. In this 
connection, the operator /matrix- valued differential calculus, as represented by Daleckii and 
Krein's derivative formula [ID], is quite useful as is clearly mentioned in the survey paper 
|11] , Also, differential methods were adopted in \15\ [TP] for some analysis of matrix convex 
functions. 

The differential calculus of the form 

is quite relevant to operator/matrix monotone and convex functions, where A is a self-adjoint 
operator with spectrum in the domain interval (a, b) of / and A is a positive operator. The 
above feth derivative exists for matrices whenever / is C k on (a, b) (see [SJ H7J). In the 
infinite-dimensional setting, the existence of the fcth derivative is rather subtle but it exists 
in the operator norm when / is analytic (see |23] for the feth derivative under a weaker 
assumption). It is well known [8] that the operator/matrix monotonicity of / is characterized 
by the positivity of derivative (|0.2p for k = 1, and the operator/matrix convexity is similarly 
characterized by the positivity of (|0.2p for k = 2. Our motivation for the present paper came 
from the naive question of what is a higher order extension of the operator monotonicity 
related to the higher order derivative given in (|0.2p for k > 2. Although the idea seems very 
natural, this kind of higher order extension of Lowner's theory is new while some other types 
of extensions have been discussed (see [2] for instance). 

In Section [I] of the paper we first define, for a real function on (a,b), operator/matrix- 
valued divided differences of / by generalizing the usual divided differences. By using these 
generalized divided differences we introduce, for k, n € N, the notions of operator fc-tone 
functions and matrix A;-tone functions of order n, which are higher order extensions of oper- 
ator/matrix monotone and convex functions. In fact, when k = 1 and k = 2, operator /c-tone 
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functions are operator monotone and convex functions, respectively. The ^-tonicity in the 
numerical sense (i.e., the matrix /c-tonicity of order 1) can be interpreted in the context of 
polynomial interpolation. In the last of Section slightly refined forms of the standard inte- 
gral representations of operator monotone functions on (—1, 1) and on (0, oo) are provided for 
later use. The main theorem of Section [2] gives differentiability properties of matrix /c-tone 
functions of order n; such a function must be of class C 2n+2 ~ A . In particular, an n-convex 
function is C 2n_2 , extending the classical result of Kraus [21] when n = 2. Section [3] presents 
several characterizations of operator fc-tone functions on (a, b). Some of them are given in 
terms of divided differences of /. In fact, it turns out that / is operator k-tone on (a, b) if 
and only if for any a € (a, b) there exists an operator monotone function g on (a, b) such that 

/(*) = E ^7T^ (* " «)' + ( x " a)*" V*), x G (a, 6), (0.3) 

1=0 

that is, the (k — l)st remainder term of the Taylor series of / at a is given as (x — a) fe_1 
times an operator monotone function. From (j0.3j) we observe that operator /c-tone functions 
have rather simple structure with only additive and multiplicative polynomial factors beyond 
operator monotone functions. Sections 0] contains some further properties of operator /c-tone 
functions on (—1,1). Integral expressions of such a function / are given such as 

/(,) = g aS!> (, - a) . + 1^ {l _[ X x -f! Xa)k «A), x e (-1, 1), 

with a finite positive measure ^, on [0, 1] independent of the choice of a € (—1, 1). In partic- 
ular, this expression is nothing but (jO.ip when k = 1 and a = 0. Similarly, Section [5] gives 
integral characterizations and properties of operator /c-tone functions on (0, oo). Examples of 
operator fc-tone functions on (0, oo) are provided in Section El Furthermore, in the last parts 
of Sections H] and we clarify what are the operator versions of absolutely monotone and 
completely monotone functions on (—1, 1) and on (0, oo). Finally, it is worth noting that the 
operator /c-tonicity condition is weaker and weaker as k is bigger and bigger (see Propositions 
13.91 and 15.21 for precise statements), unlike the usual differentiability property of numerical 
functions. 

1 Definitions and preliminaries 

1.1 Notations 

For each n € N, M n is the n x n matrix algebra, M* a the set of n x n Hermitian matrices, 
and the set of n x n positive semidefinite matrices. Throughout the paper H is a fixed 
infinite-dimensional separable Hilbert space, B(H) is the set of all bounded operators on Ti, 
B(7i) sa the set of self-adjoint operators on 7i, and B{T-L) + the set of positive operators on 
Ti. The symbol / denotes the identity matrix or the identity operator. For an open interval 
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(a, 6) in the real line R, we write M^ a (a,6) and B{7-L) sa (a,b) for the sets of all elements 
of M* a and of B(H) sa , respectively, with spectra in (a,b), which are convex and open (in 
the norm topology) in M* a and B(T-L) sa , respectively. In particular, M* a (0, oo) is the set 
of n x n invertible positive semidefinite matrices. When / is a real function on (a, b) and 
A G U s n a (a, b), f(A) is the usual functional calculus of A by /, and f(A) for A G B{%) sa {a, b) 
is similar when / is continuous. 

1.2 Operator /matrix- valued divided differences 

Let / be a real function on an open interval (a,b), where — oo < a < b < oo. For distinct 
xq,xi,X2, ... in (a, b), the divided differences of / are recursively defined as 

and for k = 2, 3, . . . , 



x - X\ 



f [k] ( \ ._ f [k 1 }{xo 1 xi 2 . . . ,x k -i) - f [k 1] (xi,...,x k -i,x k ) 

J \Xq, X±, . . . , Xk) • — 

x - x k 

For each k € N the fcth divided difference f^ k \xo,xi, . . . ,x k ) can be extended by continuity 
to a continuous function on (a, b) k+1 whenever / is C k on (a, b). See [T2J PP- 1-7] and [T71 
Sect. 2.2] for properties of divided differences. 

To introduce the key notion of operator or matrix fc-tone functions, we need to extend the 
above divided differences to the operator-valued or matrix-valued version. Of course it does 
not make sense to replace the real variables xq, x±, ... in the above with self-adjoint operators 
or matrices. To extend the divided differences to operators, we fix two A, B in B(T-L) sa (a,b) 
or in M s n a (a,b) and distinct i ,ii,t2, • • • in [0,1]. Let X k := (l-t k )A + t k B for k = 0,1,2, ... , 
and define the operator-valued or matrix-valued divided difference of / as follows: 



/N(A,J3;*o,ti) : 

and for k = 2, 3, . . . , 

f^(A,B;t ,t 1: ...,t k ) : 



f(X ) - f(X 1 ) 
to — 1\ 



fi k -V(A, B;t ,t u ..., tfc-i) - fM(A, B;h,..., t k ^,t k ) 

to — t k 



In particular, for a, ft G (a,b) with a < ft and for distinct to,t\,--- G [0,1] let x k := 
(1 — t k )a + t k ft; we then notice that 

(x , xi, • • • , x k )I = _ k f [k] (al, ftl;t ,h,...,t k ), 

from which we can consider (A, B;to,ti, . . . , t k ) as a natural operator or matrix version of 
the usual fcth divided difference. (A further generalization of divided difference for functions 
on vector spaces was recently proposed in [6].) 
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Lemma 1.1. Let A, B and t k , X k for k = 0, 1, . . . be as above. For every k G N, 

k 



fM(A,B;t ,t 1 ,...,t k ) = 1 £ = 

l—n 1 1 



f(Xl) 



1=0 no<j<fcjv«(^ h) 



n < 

Hence, f^- k \A, B; to, ti, . . . , i^) is symmetric in the variables to, t\, . . . , t k . 

Proof. The first equality is easy to prove by induction on k and the second is a simple 
rewriting. □ 



Example 1.2. Let m G N, /(x) = x m , and let ,4,5 be in B{Tl) sa or in 
induction on one can easily verify that 



Using an 



f^(A,B;t Q ,h,...,t k ) 

m 

= F Km _ k {B-A,A)+ 



l=k+l 



l i 1 



r k 



JO.Jl.---.3fc>0 



Fl,m-l(B — A,A), 



J 



for every k G N, where F^ m _i(X,Y) denotes the sum of all products of I X's and m — I Y's 
for X, Y G B(T-L) sa (this is defined to be zero unless < / < m). In particular, 

/H (A, B; to, h, . . . , t m ) = F mfi (B -A,A) = (B- A) m , 
fW(A,B;t ,ti,...,t k ) = for all k > m. 

It is known [SJ Theorem 2.1] (also [HI Theorem 2.3.1]) that if / is C k on (a, b), then the 
matrix functional calculus f(A) is k times Frechet differentiable at every A G M* a (a, b) and 



the kth Frechet derivative D k f(A), a multi-linear map from (I 
in A. Consequently, the kth derivative 



nsa\k : 



into 



l , is continuous 



t=o 



D k f(A)(X,.^,X) 

k 



exists for every A G M* a (a, 6) and X G M^ a and is continuous in A and X. For infinite- 
dimensional Hilbert space operators, it was shown in [10] that t \— > f(A + tX) is differentiable 
and expressed as a double operator integral under the C 2 assumption of /, and later Birman 
and Solomyak developed the general theory of double operator integrals (its concise account is 
found in [IE]). However, the situation in the infinite-dimensional case is rather subtle; indeed 
the C 1 assumption of / is not sufficient for the differentiability of f{A + tX) as mentioned in 
[23] . Taking this into account, we restrict ourselves to the matrix- valued case for the following 
continuous extendability property of f^(A, B; to, t\, . . . , t n ). 
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Proposition 1.3. Assume that f is C k on (a,b). Then for every n € N and every A,B £ 
M^ a (a, b), f^ k \A,B;to,t\, . . . ,tk) for distinct to,ti, . . . ,tk G [0,1] can be extended by con- 
tinuity to a function on the whole [0, l] fc+1 so that f^(A, B; to, t\, . . . , tk) is continuous in 
(A,B;t Q ,t 1 ,...,tk) G (M-(a,6)) 2 x [0,1]* +1 . 

Proof Let A,B e M s r ?(a,b) and choose a 5 > so that (1 - t)A + tB € M s n a (a,b) for all 
i € (—5, 1 + 5). For any state u on M n define 

:= w(/((l - t)A + tB)), t G (-5, 1 + 5). 

For any distinct to, ti, . . . ,t k in [0, 1] it is obvious by definition that 

( f>W(to,t 1 ,...,t k )=uj{fW(A,B-,to,t 1 ,...,t k )). (1.1) 

From the C fc assumption of /, the matrix-valued function 1 1— > f{{\—t)A-\-tB) is C k on (—5, 1+ 
5) as remarked before the proposition. Hence (f) u is C k on (—5, 1 + 5) so that <^>jj'(io, t\, . . . , t k ) 
can extend to a continuous function on (—5, 1 + 5) k+1 . Since this is the case for every state oj, 
we see that f^(A, B; to, t\, . . . , tk) extends to a continuous function on [0, l] fc+1 . Furthermore, 
the stronger continuity of in the whole variables (A, B; to, t\, . . . , tk) can be shown in a 
way similar to the proof of }\7\ Lemma 2.2.4] by using the continuity of 4^ /((l — t)A + tB), 
< I < k, in (A, B, t). We omit the details for this. □ 

1.3 Definition of operator/matrix fc-tone functions 

Definition 1.4. Let k G N and / be a real continuous function on (a,b). We say that 
/ is operator k-tone on (a, b) if, for every A, B € B(H) sa (a,b) with A < B and for any 
= to < t\ < • • • < tk = 1, we have 

f [k] (A,B;to,h,...,t k )>0, (1.2) 

or equivalently, due to Lemma [L~H 

k 

x>i) fe - z n (*,• -**)/(*«)> o, (i.3) 

1=0 o<i<j<k 

where X[ := (1 — ti)A + t[B, < I < k. Moreover, for each n G N, if a real (not necessarily 
continuous) function / on (a, b) satisfies (jl.2p . or equivalently (|1.3p . for every A, B € M* a (a, 6) 
with A < S and for any to, t±, . . . , t k as above, then we say that / is matrix k-tone of order n 
on (a, b). A matrix fc-tone function of order 1 (i.e., a fc-tone function in the numerical sense) 
is said to be k-tone for short. 

When k = 1, inequality (jl.3p is nothing but —f(A) + f(B) > so that / is operator 
1-tone on (a, b) if and only if it is operator monotone on (a, b). When k = 2, (|1.3p is 

(1 - h)f(A) - /((l - t x )A + tiB) + hf(B) > 0, < h < 1. 
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Hence / is matrix 2-tone of order n on (a, b) if and only if / is conditionally ra-convex there 
(the conditional matrix convexity here means the matrix convexity under condition A < B). 
Note [21] (also |17l Theorem 2.4.4]) that the conditional n-convexity of is equivalent to the 
usual n-convexity. Thus, Definition 11.41 may be considered as a natural higher order extension 
of operator/matrix monotone or convex functions. 

By Example 11.21 note that any polynomial function Y^d=o a k xk °f rea l coefficients with 
a k > is operator fc-tone on the whole K. 

Lemma 1.5. Let k,n G N. A real function f on (a,b) is matrix k-tone of order n if and 
only if f satisfies (|1.2p for every A,B£ M* a (a, b) and for any distinct to, t±, . . . , tf. G [0, 1]. 
The same is true for the operator k-tonicity of a real continuous function f. 

Proof. The "if part is obvious. To prove the "only if part, assume that / is matrix k-tone 
of order n. Let A,B€ M* a (a, b) with A < B, and let t , h, . . . , t k be distinct in [0, 1]. Thanks 
to Lemma 1 1.11 we may assume that < to < ti < ■ ■ ■ < t& < 1. Set A := (1 — t$)A + toB, 
B := (1 - t k )A + t k B, and s, := (i» - t Q )/(t k - to) for < i < k. Since A,B G M s n a (a, b) with 
A < B and (1 - Si)A + SiB = (1 - U)A + UB, we have 

/W (A, B;t ,t u ..., t k ) = /W (I, B; s , Sl , . . . , s fc ) > 0. 

The case of operator fc-tonicity is similar. □ 

Proposition 1.6. Let k G N and f be a real continuous function on (a, b). Then f is operator 
k-tone if and only if it is matrix k-tone of every order n. 

Proof. The "only if" part is obvious. We will use a very basic fact on operators. Choose an 
orthonormal basis {e n }^ =1 of %. For each n G N, let % n be the linear span of e±, . . . , e n and 
P n the orthogonal projection from % onto H n . Then for any X G B(l~L) sa (a,b), P n XP n \u n 
can be seen as a matrix in M^ a (a, b). If / is a continuous function on (a,b), we have the 
strong convergence P n f(P n XP n )P n — > f(X) as n — > oo. This is clear for polynomials, and 
the general case follows by approximation. 

Assume that / is matrix /c-tone of every order n. For each A, B G B(l~L) sa (a,b) with 
A < B, set A n := P n AP n \ Hn and B n := P n BP n \ Hn ; then A n < B n as elements of M s n a (a,b). 
If = to < t% < ■ ■ ■ < t k = 1, then the assumption implies that 

fW(A n ,B n ;t ,t 1 ,...,tk) >0. 

Since P n /[ fe l(.A n ,.B n ;io, ■ ■ ■ ,tk)Pn converges strongly to f^ k \A,B,to, ... ,t k ) due to Lemma 
EH we have /W(A,B;t ,...,i fc ) > 0. □ 

1.4 Relation between ^-tonicity and polynomial interpolation 

In this subsection we give the interpretation of /c-tonicity (in the numerical sense) in the 
context of polynomial interpolation, which may be useful to understand the meaning of ke- 
tone functions. First, recall the Lagrange interpolation polynomial. Given k distinct real 
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numbers xi,...,x k and k real numbers yi,...,yk, there exists a unique polynomial P of 
degree less than or equal to k — 1 such that P{xj) = yj for j = 1, . . . ,k, which can be 
explicitly written as 

k XX- 



(=1 ±<j<k,j^i Xl X i 

Let / be a real function on (a, b) and a < x\ < X2 < • • • < x k < b; then there exists 
a unique polynomial Pf(x; x±, . . . , Xk) of degree less than or equal to k — 1 that takes the 
same values as / at the k points Xi, . . . ,x k . We will call this polynomial the polynomial 
approximation of / of degree k determined by xi, . . . ,x k . This is the Lagrange polynomial 
with yj = f(xj) for j = 1, . . . , k, so we have 

k 

Pf(x;x 1 ,...,x k ) = ^2f(xi) Y\ — 
Hence we can write the difference between / and its polynomial approximation Pf as 

k 

f(x) - P f (x; xi, ... , x k ) = f(x) - ^2 f( x i) 



i=i i<j<k,j& 

k nk 



X[ Xj 



Hj=ii x x j) 
fri l x i - x ) U.i<j<k,rtA x i - x i) 



k 

= / [fcl (x,aii,.. . ,x k ) J]_( x ~ x j) 

3=1 

for all distinct x, x±, . . . , x n in (a, b) (see [121 P- 2]). 
We thus have shown 

Proposition 1.7. Let f be a real function on (a,b). For any a < x\ < ■■■ < x n < b let 
Pf(x; xi,... , Xk) be the polynomial approximation of f of degree k determined by xi, . . . , x k - 
Then for every x £ (a, b) \ {xi, . . . , x k }, 

k 

f(x) - P f (x;xi, ...,x k ) = / [fcl (x,xi ...,x k ) - xj). 

3=1 

If f is k-tone, then 

(-l)*-K*){f( x )-P f { x - Xu ..., Xk ))>Q (1.4) 
for all x € (a, b) \ {xi, . . . , x k }, where 

if x < xi, 

j(x) := < i if Xi < x < Xi + i for some i E {1, . . . , k — 1}, 
k if x k < x. 

Conversely, if (jl.4p holds for any a < xi < x% < ■ ■ ■ < x k < b and all x € (a, b)\{xi, . . . , x k }, 
then f is k-tone. 
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The above argument is also valid for the interpretation of operator /matrix fc-tonicity. Let 
/ be a real continuous function on (a, 6), A, B S B{T-L) sa (a,b) with A < B, and < t\ < 
t 2 < ■ ■ - < tk < 1. One can define the operator- valued Lagrange polynomial approximation 
of /((l - t)A + tB), < t < 1, by 



p/^ti,...,^)-^/^,) n o<t<i, 

(=1 i<j<k,j^i ! J 



where := (1 — i/)^4 + t/i?. Then the operator fe-tonicity of / means that 

(_!)*-/(*) (/((I _ + tB ) - Pf (t;ti,..., t k )) > 
for all i £ [0, 1] \ {t\, . . . , t^} with as in Proposition 11.71 

1.5 Integral representations of operator monotone functions 

In this subsection we show integral representations of operator monotone functions on (—1, 1) 
and on (0, oo), which will be useful in our later discussions. Although such integral represen- 
tations are well known as described in [TJ Sect. V.4] (also [TTl Sect. 2.7]), our representations 
below are slight modifications of the standard ones, including a new insight on certain univer- 
sality of the representing measure. The representations will indeed be extended to operator 
fc-tone functions in Theorems 14. 1 1 and 15.11 



Theorem 1.8. Let f be an operator monotone function on (—1,1). Then there exists a 
unique finite positive measure [i on [—1, 1] such that, for any choice of a € (—1, 1), 

f(x) = f{a) + / f"" dfi(X), x e (-1, 1). (1.5) 

J[-i,i] I 1 - *«0(1 - Aa) 

Proof. For each fixed a € (—1,1) consider the transformation (p a from [—1,1] onto itself 
defined by 

Va(t):=——, t€ [-1,1], 
1 + at 

which is an operator monotone function with (f a (0) = a. Apply V.4. 5] to obtain a unique 
finite positive measure m a on [—1,1] such that 

(f°ip a )(t) = f(a)+ [ —^-dma(K), te(-l,l). (1.6) 

J [-1,1] 1-Kt 



Therefore, 



f(x) = (fo(p a ) 



x — a 
1 — ax 



/(«)+ / 7T- t — j—. — ^dm a {K) 

J [-1,1] (1 + aK ) — (« + a)x 

/x — ex. 
1 • -T, dm a {n). 
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Define a finite positive measure fi a on [—1,1] by 



dn a (X) := — - dm a (tp a 1 (X)). 

1 + a<p a (A) 



We then have 



f(x) = f(a) + / X " d Ma (A), x G (-1, 1), (1.7) 

J[-i,l] (1 - Ax)(l - Aa) 

which is representation (jl.5p while n = /i a is depending on a G (—1,1) at the moment. 
Moreover, since expression (|1.7|) can conversely be converted into (|1.6|) . it is seen that a 
representing measure fi a in (|1.7p is unique. 

Now, we prove that \x a is independent of the parameter a G (— 1, 1). To do so, notice by 
a direct computation that 

x — a j3 — a x — j3 



(1-Ax)(1-Aq) (1-Aq)(1 - A/3) (1 - Ax)(l - A/3) 
for any a,/3 G (— 1, 1). Inserting this into (jl.7p we have 

f(x) = /(a) + / f"" cWA) + / g ~f cMA). 

(1 - Aa)(l - A/3) (1 - Ax)(l - A/3) 



Letting x = j3 gives 



[-1,1] i 1 ~ Xa )\ l ~ X P) 



and /i a = /i/j follows from the uniqueness of \x$ representing / in (jl.7p with j3 in place of a, 
so the theorem has been proved. □ 

Note that from (jl.5p we have 

f'( a )= [ n i w W, «6(-l,l). 

In particular, /i([— 1, 1]) = /'(0). 

The theorem has the following corollary, which will play an essential role to prove the 
main theorem of Section [3l 

Corollary 1.9. Let f be an operator monotone function on ( — 1, 1) with the representing 
measure f/, as in Theorem \1.8[ For every a G (—1, 1) and every m, k G N with m > k, 

( i \k— i_p\M/ \ f ^ m fc (l — Aa) fe 1 . . 

[fx -a) f) {x 1 ,x 2 ,...,x m+ i) = — r rd/lA 

f[-i,i] (1 - Axi)(l - Xx 2 ) ■ ■ ■ (1 - Xx m+1 ) 

for all xi,X2, • • • , x m+ \ G (—1, 1), where \ m ~ k = 1 on [—1, 1] if m = k. 
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Proof. We start by computing 



(x - a) k V 1 ' s (xi - a) fc (l - Ax 2 ) - (x 2 - a) fc (l - Axi) 

(xi,x 2 ) ~ 



(1 - Ax)(l - Xa) k J v ; (x x -x 2 )(l - Axi)(l - Ax 2 )(l - \a) k ' 
and the numerator of the above right-hand side is 

_L{(i _ Xa ) - (1 - Axi)} fc (l - Ax 2 ) - ^{(1 - Aa) - (1 - Ax 2 )} fc (l - Axi) 



k 

i E (fj WO- - Aa ) fc "'( 1 - W(i ~ Aa *) 

1=0 ^ ' 

k 

2=0 ^ ' 



1 y(1 - Aa) fc (xi - x 2 ) 



k 



HF E (/) " Aa ) fe ^(! " A ^)(! " A ^){(1 " Ax!)'" 1 - (1 - Ax,)'- 1 }- 

1=2 ^ ' 



A fc 

Therefore, 

(x - a) k N [1] 
(1 - Ax)(l - Aa) fc 



(xi,x 2 ) 



1 1 1 Y^f k \ (1-Axi) / - 1 -(1-Ax 2 )'~ 1 



A^^ 1 (1 - Axi)(l - Ax 2 ) A fcZ ^ (1-Aa)' xi - x 2 



so that 



(x - a) k \ [m] 

(xi,x 2 , . . . ,x m+ i) 



(1-Ax)(l-Aa) fc 



-(— 

X k V 1 - Ax 



(xi,x 2 , . . . ,x m+ i) 



? E (") (T^y (d - Ax)'" 1 ) [m] (x l5 x 2 , . . , x m+1 ) 



A fc 

1=2 

= ^(r=y (-i^ 2 ,...,x m+1 ) 

\ m— A; 

(1 - Axi)(l - Ax 2 ) •••(!- Ax m+ i) 

for all xi, x 2 , . . . , Xfc+i G (—1, 1). Hence integrating against the measure (1 — Xa) k ~ l d/u, gives 
the result as we can take the feth divided difference inside the integral in (|1.5p . □ 
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Theorem 1.10. Let f be an operator monotone function on (0, oo). Then there exists a 
unique 7 > and a unique positive measure fi on [0, 00) such that 



JfO.oo) (1 + A) 2 



'[0,00) (1 + A) 
and, for any choice of a G (0, 00), 

f(x) = /(a) + 7 (x - a) + / - * ~ " d M (A), x G (0, 00). (1.8) 

7(0,00) ( x + A)(a + A) 

Proof For each a € (0, 00) consider the transformation from [—1,1) onto [0, 00) denned 
by 

M t) : =^±±A, te[-i,i), 

which is operator monotone on [—1, 1) with ip a (0) = a. Hence, representing / o tp a as in 
(II, 6D. we have 



f(x) = (fo^ a ) 



x — a 



x + a 



/X — OL 
7i ^ — 1 — 77~; — V 
^^i] (1 - k)x + a[l + K) 

. m Q ({l}) . . f x — a 1 , . . 
/(«) + o (x-a)+ - n — v • dm a {n) 



2a y[-i,i] x + 5^±fSi 1-k 

with a unique finite positive measure m a on [—1,1]. Define 7 Q > and a positive measure 
fi a on [0, 00) by 

la-= — 5 , dfj, a (\):=- —j— dm a [ip a (A)). 

2a 1 - V'a (A) 



We then have 



/ /1 _l U2 d Ma(A) < +00 
7[0,oo) (1 + A) 2 



f(x) = f(a)+~f a (x-a)+ ^ " dMa(A), sc€(0,oo). (1.9) 

■/[o,oo) + A)(a + A) 



and 



Moreover, as in the proof of Theorem 11.81 it is seen that 7 a > and a measure \i a in ()1.9p 
are unique. It remains to prove that 7^ and fi a are independent of a 6 (0, 00). This can be 
done by inserting 

x — a /3 — a a + A x — f3 
x + A ~~ /? + A + /3 + A ' x + A 
into (ll.9p as in the previous proof, so we omit the details. □ 



From (|1.8j) we have 



/'(a) =7+ / ? — -— 2^(A), a € (0,oo), 
7[o,oo) (« + A) 2 



and hence 7 = lim Q; _;. 00 /'(a) 
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2 Differentiability properties of matrix /c-tone functions 



It is well known \22\ [T2] that if / is n-monotone (or matrix 1-tone in our terminology) on 
(a, b), then it is C 2n ~ 3 on (a, b) and j( 2n_3 ) is convex there. Also, a primary result of |21j 
is that if / is conditionally 2-convex (or matrix 2-tone), then it is C 2 there. The main aim 
of this section is to prove the next theorem extending the above results to matrix /c-tone 
functions of order n for general k and n. In particular, when k = 2, the theorem shows 
differentiability results for n-convex functions. It seems that the results are new even in this 
particular case where k = 2 and n > 2. 

Theorem 2.1. Let k,n G N and assume that a real function f on (a,b) is matrix k-tone of 
order n. Then the following properties (a) -(d) hold: 

(a) / is C 2n+k ~ 4 on (a, b) if k > 2 or n > 2. 

(b) The following functions are convex on (a, b): 

(/', /( 3 ), . . . , /( 2 «-3) if k = 1 and n > 2, 

1 f {k ~ 2 \f {k \ /( 2n+fc " 4 ) if k > 2 and n > 1. 



(c) T/ie matrix 



f^ ^ (p^i j 3<j j 2-1 j • • • > 3<1 ) 



fc-1 



is positive semidefinite for any choice of x%, . . . ,x n from (a, 6) if n > 2. 
(d) T/ie matrix 



n-l 



i,i=0 



exists and is positive semidefinite for almost every x E (a, 6). 

To prove the theorem we start with 

Lemma 2.2. Let f be a C k function on (a,b) satisfying the assumption of Theorem \2.1 
Then 

t-f(A + tX) >0 



dt k 

for every A G Mf^(a, b) and every X <G M+. 



t=o 



Proof Let A G M^ a (a, 6) and X G M+. We may assume that A + X e M s n a (a,b); then a 
5 > is chosen so that A + tX G M^ a (a, 6) for all t G (-5, 1). For any state ui on M n define 



<f>Ut)--=u(f(A + tX)), t€{-S,l), 
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which is C k on (—5, 1) due to the C k assumption on /. When = to < ti < ■ ■ ■ < t k < 1, we 
have as (jl.ip . 

4$ (to, h,...,t k )= u;(/[ fe l (A, A + X; t Q , t x , . . . , t k )) > 
by Lemma 11.51 Letting ti \ for 1 < Z < gives 

0<« l (0,0,...,0) = I#(0) = iu,(^/(^ + «,|J 

by [121 p. 6] (also [171 Lemma 2.2.4]). The conclusion follows since the state u is arbitrary. □ 

We next prove properties (c) and (d) of the theorem under the additional assumption of 
/ being C°°. 



Lemma 2.3. Let f be a C°° function on (a, b) satisfying the assumption of Theorem \2.1\ 
Then (c) holds including the case n = 1 in this case and (d) holds for every x € (a, b) in this 
case. 

Proof, (c) For every x±,...,x n € (a, b) let A := Diag(xi, . . . , x n ), the diagonal matrix with 
diagonal entries xi, . . . ,x n . According to Daleckii and Krein's derivative formula in the 
matrix case (see [171 Theorem 2.3.1]), for every X € M* a we have 



t=o 



^ ^ /c!/^ 1 (s^j) x ri , . . . , x rk _ 1 , Xj*)Xi ri X riT2 • • • X rk _ 1 j 
,n,...,rfc_i=l 



For any . . . ,£ n G C let X : = [£i£j]". =1 € M+. Lemma O then implies that 



ri,...,r fc _ 1 =l 

and hence, for any Ci> • • • > Cn € 



i x r fe _! ) ^j)^ilCri | ■ ,, |£r fc _i| £7 



> 



»>J=1 ri,...,r fc _i=l 

By replacing with Ci/Ci under the assumption that £i 7^ for all i, we have 

n n 

*j'=l n,— ,»"fc— 1=1 
Now let £1 = 1 and £ r — > for r 7^ 1 to obtain 



E / W (x t , ^i,. . .^i , %j)d(j > 0. 



fc-1 



(d) For any fixed x E (a, 6) define a C°° function 5 on (a, b) by 
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It is plain to notice that 

9(f) = " E f -HT {t ~ x) \ te M) ' (2 ' 1} 

where g(t) = f(t) for k = 1. Set 5 := min{x — a,b — x}/n. For every /i 6 (0, <5) we then have 

G /t := [/! (x + i/i, x + jh)] £ = [/W (x + ih, x + jft, x, . . . , x)] ^ > 
thanks to (c) proved above. By Taylor's theorem we expand g^(x + ih,x + jh) as 

2n-2 (m+1) / \ -m+1 _ -m+1 

5 W (x + l h,x + jh) = £ 9 — • , J *™ + (^" 2 ) 

(m + 1) z — ? 

m=0 v ' J 

with convention (i m+1 — j m+l )/(i — j) = m + 1 if i = j. Therefore, 

2n— 2 / \ / m \ 



where itj := (0 l , l l ,...,(n- I) 1 ) € C n and itj ® := [^.f 71- *]"^ for < / < m < 2ra - 2 
(with 0° := 1). For every £o ; • • • j Cn-i £ C, since Uq, . . . , ii n _i are linearly independent, there 
exists a»eC™ such that = Qh~ l for Z = 0, . . . ,n — 1. Since (u;, = 0(/i~( n-1 ') if 

I > n, one can easily verify that 



®u m -.i)v)h m = (ui,v)(u m -i,v)h m = 0(h) 
if £ > n or m — I > n. Therefore, 

2n ~ 2 Jm+l)( r \ ( \ 

0<(v,G h v)= Et^t W\ S OCm-i +OW 

m=0 ^ \0<Kn-l,0<m-Z<n-l / 

n-1 



and letting /i \ yields that [<?( l+ - J+1 )(x)/(i + i + 1)!]"._ > 0. It immediately follows from 
(f2~T|) that 

^)(x) = ^M / = 1 
and we have the conclusion. □ 

Lemma 2.4. Let k 6 N luzf/i k >2 and assume that f is k-tone on (a,b). Then f is C k ~ 2 
and /( fc-2 ) is convex on (a,b). That is, (a) and (b) of Theorem \2. 1\ hold when n = 1. 

Proof. The proof is by induction on A;. The case k = 2 is obvious since 2-tonicity means 
convexity. Assume that / is (k + l)-tone on (a, b). For any c £ (a, 6), since /^(x, c) is £;-tone 
on (a, c), it follows from induction hypothesis that f^(x, c) is C k ~ 2 on (a, c). Hence / is C fc_2 
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on (a, b). If xi, . . . , Xk+i,yi, ■ ■ ■ , Vk+i are distinct in (a, b) and X{ < yi for alH = 1, . . . , k + 1, 
then the (fc + l)-tonicity of / implies that /^(xi, . . . , Xk+l) — / (z/l> • • • >2/fc+i)- For any 
a' < 6' in (a, b) choose a\ < ■ ■ ■ < a^+i in (a, a') and ft < ■ ■ ■ < Pk+i m ip' ■> b)- The above 
inequality then implies that 

/W(ai, . . . , a fc+1 ) < . . . ,x fc+ i) < /M(ft, • • • , ft+i) 

for every distinct xi, . . . ,Xk+i G (a',b'). Hence there exists a K > (depending on a',b') 
such that |/' fc '(xi, . . . , xjfc+i)! < K for all distinct xi, . . . , x^+i G (a', 6'). This in turn implies 
that if xi, . . . , Xk, yi, . . . ,yk are distinct in (a, (3), then 

k 

\f^( Xl , ...,x k )- f^(y u ...,y k )\<Kj2\xi-Vi\- (2-2) 

i=X 

For every a, /3,x,y G (a', 6') such that i/a and y ^ (3, let xi — >■ x, y± — > y, X2, . . . , Xf~ — > a, 
and yi, . . . , y k — > P in (|2.2p to obtain 



|/[ fe -^(x, a, . . . , a) - / [fc - 1] (y, ft • • • , /?)| < tf{|x - y| + (k - l)|a - ft}, (2.3) 
where f^ k ~ l \x, a, . . . , a) is well defined as 



/i*- 1 ] (x, «,...,«) = J/(x) - g ^) (x _ a y 

1=0 



(x — a)* 

due to the C fc_2 of /. By f|2.3j) with /3 = a we have the limit 

0(a) := lim / [fe ~ 1] (x, a, . . . , a), a G (a',b'). 

For every a, /3 G (a',b'), letting x — > a and y — > /3 in f|2.3j) . we have |0(a) — < iffc|a — /3| 
so that is continuous on (a',b'). Furthermore, by (|2.3p we have 

|/^ _1 l(x, a, . . . , a) — 0(a) I < K\x — a|, x, a G (a', 6'), i/a. 

Letting r(x, a) := f^ k ~ l \x, a, . . . , a) — 0(a) with r(a, a) = we write 

f( x ) = ^l!!^( x - a y + e( a )(x-a) k - 1 + r(x,a)(x-a) k -\ x,ae{a',b'). (2.4) 



1=0 



Since f^\a) for < I < k — 2 and 9(a) are continuous in a G (a', 6') and \r{x, a)\ < K\x — a\ 
for x, a G (a',b'), expression (|2.4p shows [U pp. 6-9] (also [T71 Lemma A. 1.1]) that / is C k ~ 1 
on (a',b') with /^"^(a) = (fc - l)!0(a). The C^ 1 of / on (a, 6) follows since a',b' are 
arbitrary. 

To complete the induction procedure, it remains to prove that /C*" 1 ) is convex on (a, b). 
To do so, we adopt a standard regularization technique (see [TJl pp. 11-13] for example). Let 
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cj)(t) be a non-negative C°° function on K supported in [—1, 1] such that j cft(s) ds = 1. For 
every e > sufficiently small define 



f E (x):=^J (j)^—-^jf(s)ds = J 4>(s)f(x-£s)ds, x£(a + e,b-e), 

which is a C°° function on (a + e, 6 — e). For every distinct x%, . . . , x k+2 in (a + e, b — e) one 
can easily see that 

f\ k+l \ Xl , . . .,x k+2 ) = J tt>{s)fV*\x x -es,.. .,x k+2 - es) ds > 0. 

Hence fe k+1 \x) > for all x G (a + s, b — e) so that ^ is convex on (a + e,b — e). Since 
/ is C^" 1 on (a, 6) as already proved, f £ k ^(z) — » f^ k ~ l \x) as e \ for all x 6 (a, 6) and 
the convexity of follows. □ 

Lemma 2.5. Xei {/ m } 6e a sequence of C 1 functions on [a, 6] such that the finite limits 
linim^oo fm(a) and hnim^oo f m (b) exist. Assume that f' m is convex on [a, b] for every m and 
there exists a K > such that f' m (x) < K for all x 6 [a, b] and all m. Then {f' n } is uniformly 
bounded on [a,b] and hence {f m } is uniformly equicontinuous on [a,b]. 

Proof. We can assume that K = 0. Since f < is convex on [a, b], we have 

fm(b) - fm(a) = J f' m {t) dt < f' m {x) 

for all x G [a,b]. Hence {/„} is also uniformly bounded below on [a, b], and so {f m } is 
uniformly equicontinuous there. □ 

We are now in a position to complete the proof of the theorem. 

Proof of Theorem \2.1\ The theorem when k = 1 and n > 2 is Lowner's result |12j p. 76], so 
we may assume that k > 2. Let us prove (a) and (b) for all k > 2 by induction on n. The 
initial case n = 1 is Lemma 12.41 Let n € N and assume that / is matrix fe-tone of order n + 1 
on (a,b). Since / is matrix A;-tone of order n, it follows from induction hypothesis that / is 
(j2n+k-A an j y(fc-2) ) jfc^ _ ^ j(2n+fe-4) are convex on (a, 6). Define regularizations / e of / for 

small e > as in the last part of the proof of Lemma [2.41 For every A, B £ M^j_ 1 (a + e, 6 — e) 
with A < B one can easily see that if = Aq < Ai < • • • < A^ = 1 then 



jf (A,B;X ,..., A fe ) = j 1 (A - £S J, 5 - £ S P, 



X ,...,X k )ds > 0. 



This means that f e is matrix /c-tone of order n + 1 on (a + e, 6 — e). So one can apply Lemma 
12.31 (d) to f £ with n + 1 in place of n to see that f £ 2n+k \x) > for all x E (a + e, 6 — e) and 
hence /J 2n+fc 2 ^ is convex on (a + e, 6 — e). Since f( 2n + k ~ 4 ) [ s convex on (a, b) as already 
mentioned, j( 2n + fc - 3 )(3;) exists and hence /j 2n+fc 3 ^(x) — > y( 2n + fc ~ 3 )(x) as e \ for all 
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x G (a, 6) except at most countable points. Choose a' < b' in (a, b), arbitrarily near a,b 
respectively, at which fi 2n + k -^) i s differ entiable. Since {/ E (2n+fe ~ 4) } (for e > sufficiently 
samll) is uniformly bounded above on [a 1 , b'], we see by Lemma E3] that |/ £ ( 2n+fc 3 )} (for 
small e > 0) is uniformly equicontinuous on [a', b'\. Hence there exists a continuous function 
tp on [a',b'] such that f( 2n+k 3 \x) —} <p(x) uniformly on [a', b']. Note that f( 2n+k 4 \x) — > 
j(2n+fc-4)( x ) for all x € Hence j(2n+fc-4) ig differentiable with /( 2n + fc - 3 )(a;) = <p(x) on 

(a', 6'), and therefore, / is (7 2n + fc - 3 on (a, b). 

Since y( 2n + fe ~ 4 ) i s convex on (a,b), f( 2n + k - 3 ) [ s non-decreasing on (a, b) and so differen- 
tiable almost everywhere on (a, b) by Lebesgue's theorem. Let D be the set of x G (a, 6) at 
which /(2"+*-3) is differentiable. Note that /j 2n+fc ~ 3) (x) -> /( 2n+fc " 3 )(x) as e \ for all x G 
(a, 6) and /J 2n+fc ~ 2) (x) -> /(an+fe- 2 )^ for all x e p choose «i < a 2 < a' < b' < ft < ft 
from D. Since yj 2n+fc 2 ) i s convex on (a + e, 6 — e), we have 

,{2n+k-2) t s A2n+k~2) ( s. A2n+k-2) , a \ f (2n+k-2), a x 

fe '{ai)-fe y (a 2 ) f (2n+fc-l) f n < /e ' ~ fe (&) 

ai - a 2 " je 1 J " ft - ft 

for all a; G [a', 6'], which implies that |yj 2n+fc 2 )j j s uniformly equicontinuous on [a', b']. 
Hence there exists a continuous function ip on [a 1 , b'] such that f( 2n+k 2 \x) — > t/>(a;) uniformly 
on [a', 6']. This shows that /( 2 «+ fc ~3) i s differentiable with /( 2n+fc ~ 2 )(x) = ij(x) on (a',6')- 
Therefore, / is C 2n+k ~ 2 on (a, 6). Moreover, f{ 2n + k ~ 2 ) [ s convex on (a, 6) since f^ 2n+k 2 \x) — > 
f 2n+k ~ 2 \x) for all x G (a, b). 

Next, we prove (c) and (d). Let / be matrix fe-tone of order n on (a, b) and / e be the 
regularization of / as above. Then by Lemma 12. 3 [ (c) and (d) hold for f e on (a+e, 6— e). When 
n > 2, since fe < 2n + fe — 4, / is C k on (a, 6) by assertion (a), so (c) for / follows by taking 
the limit of (c) for f £ . Since /( 2n + fc - 4 ) j s convex on (a, b), the same argument as above shows 
that /( 2n+fe - 2 )(2;) exists for almost every x G (a, b) and that /j 2n+fc ~ 3) (x) -> /( 2n+fc " 3 )(x) 
and f( 2n+k 2 \x) — > f( 2n + k - 2 )( x ) for almost every x G (a, 6). Hence (d) for / follows as the 
almost everywhere limit of (d) for f e . □ 

As immediately seen from |12l p. 6], a real C k function on (a, b) is fc-tone if and only if 
f( k) (x) > for all x G (a, b). This can be extended to the case of matrix order n as follows: 

Proposition 2.6. Let fe, n G N with n > 2 and f be a real function on (a, 6). T/ien i/ie 
following conditions are equivalent: 

(i) / is matrix k-tone of order n on (a, 6); 

(ii) / is C k on (a, b) and 



> 

i=0 



/or every A G M^ a (a, 6) and every X G 
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(iii) / is C on (a, b) and 

fe-i 

f{A + X)>Y, Tl D l f{A){X,...,X) 
1=0 ■ ^ } 

for every A G M* a (a, b) and every IeM+ swc/i tkf A + I G M™(a,6), whereD l f(A) 
is the Ith Frechet derivative of A i-» /(vl) on M^ a (a,6). 

Proof, (i) =>■ (ii). Since n > 2, assertion (i) implies the C fc of / due to Theorem 12.11 (a). and 
hence the implication was already proved in Lemma l2.2l 

(ii) => (i). Let A,B G M* a (a, b). As in the proof of Proposition 11.31 choose a 5 > and 
define 0^ for any state to on M n . For any = to < t\ < ■ ■ ■ < = 1, there exists a £ G [0, 1] 
such that 

€ (h, h, . . . , 4) = i # (0 = i a, /(A + t(B - A))[J , 

which is non- negative due to assumption (ii). Hence by (jl.ip . 



cu(fW(A,B;t (h t 1 ,...,t k ))>0 

for all states to, so (i) follows. 

(ii) => (iii). Let yl, X be as stated in (hi); there is a 5 > such that A + tX G M* a (a, 6) for 
all i G (-5, 1 + 5). For any state to on M„ define := + iX)) for t G (-<5, 1 + 5). 

By Taylor's theorem there exists a 9 G (0, 1) such that 

fc " 1 <f(0) ^ 



(=0 

Notice that 

<P«H0)=to(^f(A + tX) 



io{D L f{A){X,...,X)), 0<l<k-l, 



and 



= /(^ + = /<M + ex) + « 

due to (ii). Hence 

fc-l V 

/(^ + X)-^-d%4)(X,...,X)) >0 

7— n ' / 



> o 

t=o . 



k-l 

■Af{A + X)- 

1=0 

for all states to, so (iii) follows. 

(iii) => (ii). Let A, X be as in (ii); we may assume that A + X G M* a (a, 6). For each 
t G (0, 1), as in (|2.5p there exists & 9 t £ (0, 1) such that 

i u;(£» fc /(^ + 6MX)(X, . . . , X)) = w ^f(A + tX)-J2^ D l {A)(tX, tX)^ > 0. 

Since D k f(B) is continuous in B G Mff (a, b), letting t\0we have w(D fc /(^)(X, . . . , X)) > 
for all states u. Hence ^ /(A + tX)\ t=Q = D k f(A)(X, . . . , X) > 0. □ 
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We say that a real function / on (a, b) is equi-partitioned matrix fc-tone of order n if (|1.2D 
holds for every A, B € B("H) sa (a,b) with A < B and for equi-partitioned points tj = 
< i < k. The definition of equi-partitioned operator A;-tonicity for a real continuous 
function is similar. When k = 2, this is the operator version of the mid-point convexity in 
the numerical case (n = 1). The next proposition extends the familiar fact that mid-point 
convex and continuous functions are convex. 

Proposition 2.7. Let k,n € N and f be a real continuous function on (a,b). If f is equi- 
partitioned matrix k-tone of order n {resp., equi-partitioned operator k-tone) on (a,b), then 
it is matrix k-tone of order n (resp., operator k-tone) on (a, 6). 

Proof. Assume that / is equi-partitioned matrix fc-tone of order n on (a, b). Let f e be the 
regularization of / as in the proof of Lemma 12.41 It is immediate to see that f £ is equi- 
partitioned matrix k-tone of order n on (a + e, b — e). Let A € M* a (a + e, b — e) and X € 
with A + X £ M* a (a + e, b — e). Similarly to Lemma 11.51 one can show that f £ k] (A,A + 
X; 0, r, 2r, . . . , kr) > for every r € (0, l/k). Letting r \ gives ^ f e (A + tX)\ t=Q > as 
in the proof of Lemma 12.21 By (ii) => (i) of Proposition 12.61 (this is true for n = 1 as well), f £ 
is matrix /c-tone of order n on (a — e, b + e). Now, thanks to the continuity assumption of /, 
one can take the limit of (jl . 2[) for f £ as e \ to see that / is matrix /c-tone of order n on 
(a, 6). The assertion on operator fe-tonicity is seen by Proposition 11.61 □ 

3 Characterizations of operator &>tone functions 

The aim of this section is to present general characterizations of operator fc-tone functions 
on (a,b). A well-known theorem of Bernstein is stated in |25} Chapter IV, Theorem 3a] as 
follows: If / is absolutely monotone (i.e., all /(% k = 0, 1, 2, ... , are non-negative) on [a, 6), 
then / can be analytically continued into {z € C : \z — a\ < b — a}. Its variation due to 
Valiron given in [91 pp. 160-161] says that if a function / on (a, b) has non-negative even 
derivatives /, /", f^\ . . . , then it is analytic on (a, b). We will need a little bit more as given 
in the following: 

Lemma 3.1. Let f be operator k-tone on (a,b), then f is analytic and moreover the radius 
of convergence of the Taylor expansion of f at x E (a, b) is 5 X := min{x — a, b — x}. 

Proof. By Propositions ll.6| 12.61 and Theorem 12.11 we know that g := f^ is C°° on (a, b) 
and moreover g, g", g^\ . . . are non-negative. Take x G (a, b) and for \h\ < 5 X let 2g(h) := 
g(x + h) + g(x — h). Clearly g is absolutely monotone on (— 5 X ,5 X ). By Bernstein's theorem 
mentioned above, g is analytic and its Taylor expansion at x, which is £^° =0 (g^ (x) /2n!) h 2n , 
has radius of convergence at least 5 X . On the other hand, by Theorem l2. 11 (d). for every n > 0, 
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which shows that ^2 < ^ > = o(g^ n \x)/n\ s )h n also has radius of convergence at least 5 X . From these 
estimates one can easily see, using any Taylor formula, that g(x + h) = ^2^ = Q(g^ (x) /n!) h n 
for h € (o~ x /2, 5 x /2). Thus g is analytic. But it coincides on (x — 8 x /2,x + 5 x /2) with its 
Taylor expansion at x which is known to have radius of convergence at least 5 X . Thus by the 
analytic continuation principle, they have to agree on (x — 5 x ,x + 5 X ). The conclusion on / 
now follows. □ 

Lemma 3.2. Let g be an operator monotone function on (a, b) and a € (a, b), then (x—a) k ~ 1 g 
is operator (k + 2/) -tone for any k £ N and any I £ N U {0}. 



Proof. Set m := k + 21. By Lemma 13.11 / := (x — a) k 1 g is analytic. By Propositions 11.61 
and E21 we need to check that f(A + tX)\ f=0 > for all A e M s n a (a, b) and X € ML+ of 
any n € N. Since this is a local estimate, using a restriction, a translation and a dilation, 
we can always assume that actually / is operator monotone on (—1, 1), a G (—1, 1), and the 
spectrum of A sits in (—1, 1). 

It suffices to assume that A is diagonal so that A = Diag(ai, . . . , a n ). Using Daleckii and 
Krein's derivative formula and the formula for divided differences given in Corollary 11.91 we 
have 



df 



f{A + tX) 



t=Q 



^ ] m\f^ ^ (dj, O ri , . . . , Or m _i j Ojj)Xi ri X rir2 • • • X Tm _ 1 j 

A^l-Aa)^ 1 



n,...,r m _i=l 



E 



n,— ,r TO _i= 



■1,1] (1 - Aai)(l - Aa ri ) • • • (1 - Aa rm _J(l - X ajJ 

x X-i ri X rir2 ■ ■ ■ X T - m _ 1 j 



dfi(X) 



where 



ml f D(A) 1/2 ( J D(A) 1/2 X J D(A) 1/2 ) m J D(A) 1 / 2 A 2/ (l - Aa)^ 1 d/x(A) > 0, (3.1) 



□ 



Theorem 3.3. Let f be a real function on (a, b), where — oo < a < b < oo. Xei A; £ N. T/ien 
i/ie following conditions (i) -(vi) are equivalent: 

(i) / is operator k-tone on (a,b); 

(ii) / is matrix k-tone of order n on (a, 6) /or every n £ N; 
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(iii) / is C k on (a, b) and 



> 

t=o 



dt k 

for every A € M* a (a, b) and every X G of any n G N; 



(iv) / is analytic on (a, b) and 

d k 



itC !(A + tx) 



> o 

t=0 



for every A G B(7i) sa (a,b) and every X G B(T~L) + , where the above derivative of order 
k is well defined in the operator norm; 

(v) / is C k ~ 2 on (a, b) (this is void for k = 1) and p k ~^(x, a, - ■ ■ , a) is operator monotone 

fe-l 

on (a,b) for some (equivalently, any) a G (a, b) (with continuation of value at x = a); 

(vi) / is C k ~ x on (a,b) and f^ k ~^(x, a\, ■ ■ ■ , atk-i) (this is f(x) for k = 1) is operator 
monotone on (a, b) for some (equivalently, any) choice of a\, . . . , a n from (a, b). 



Proof. The equivalence of (i), (ii) and (iii) was proved in Propositions 11.6 1 and 12.61 

(i) (iv). By Lemma 13.14 / is analytic. It only remains to justify that A i— > f(A) is C k 
on B(7i) sa (a,b) and the inequality in (iv). Let A € B(7i) sa (a,b) with spectrum included 
in [xq — h, Xq + h] C (a,b), h > 0. By Lemma 13.14 / is equal to its Taylor expansion at 
xo on (xo — 5 XQ ,xo + 5 Xa ). Thus for any B with spectrum in (xo — 5 Xa ,xo + 5 Xo ) we have 
f(B) = ^2m=o c "i(B — xoI) m with c m := f (jn \xo) /ml, and so / is C°° at the neighborhood 
of A as h < 5 X0 . For every X € B(7i) + we have 



d k 



d k 



f(A + tX) = c rn^ (A - x I + tX) m = CmF k , m - k (X, A - X I), (3.2) 



i=0 ^-^ dt k 



t=0 



m=0 m=k 



where F k ^ m _ k (X, Y) was introduced in Example 11.21 On the other hand, for = t$ < t\ < 
■ ■ ■ < tk < 1, by assumption (i) we have 



oo 

< (A, A + X; t Q , h, . . . , t fc ) = J2 cm ( xm ) ( A ~ x o^ A - x I + X;t ,h, . . . ,t k ). 

m=0 

Now apply the formula of Example 11.21 to each term of the above expansion and then let 
U \ for 1 < i < k to obtain Y^m=k CmF k ,m-k(X, A - x I) > 0. 
(iv) (iii) is obvious, and so (i)-(iv) are equivalent. 

Next, we prove that (i) (v) for any a G (a, b). Assume (i); then / is analytic. For every 
n G N and for any choice of a,x\, . . . ,x n from (—1, 1), apply (c) of Lemma 12.31 to n + 1 
points a,x\, . . . ,x n and take the n x n submatrix deleting the first row and the first column 
to obtain 



f^ l \ Xi ,a,...,a)- f^ l \x 3 ,a,...,a^ 



= [/W(r Ej ,a,...,a,x i )]^ =1 >0, 
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which gives (vi) due to Ldwner's theorem |22| (or V.3.4]). (Note also that Lowner's 
theorem easily follows from Proposition 12.61 ) 

Conversely, assume (v) for some a G (a, 6); so / is C k ~ 2 and g(x) := p^^ix, a, . . . ,a) is 
operator monotone on (a, b) (with continuation g(a) = (3 at x = a). As (|2.ip we have 



f( x ) = E ^P-( x ~ «)' + ( x " V*), x G (a, 6), (3.3) 

1=0 

where f(x) = g(x) for k = 1. Hence Lemma 13.21 yields (i). 

Before going to (vi), let us prove that (i) implies that (x — a)f is operator (A; + l)-tone 
for any a G (a, b). By (i) => (v) and (13.3|) we have a polynomial P of degree at most k — 2 
and an operator monotone function 5 so that / = P + (x — a) k ~ l g. Hence (x — a)f = 
(x — a)P + (x — a) k g. By Lemma 13.21 this yields the operator (k + l)-tonicity of (x — a)f. 

Now, assume that (vi) holds for some choice of ai, . . . , a n from (a, b). As easily verified, 
g(x) = /[ fe_1 l(a;, a±, . . . , a^-i) is of the form 

f(x) — (a polynomial of at most degree k — 2) 



(x - ai)(x - a 2 ) ■ ■ ■ (x - a fc _i) 



so that 



'fc-i 



f(x) = P(x) + ^J[(x-a l )jg(x), (3.4) 

where P is a polynomial of degree at most k — 2 and g is operator monotone on (a, 6). Hence 
(i) follows by applying, k — 1 times, the result we have proved above. 

It remains to prove that (i) =^ (vi) for all possible choices of ati, . . . a^-i- Assume (i), so / 
is analytic on (a, b). Let a.\, . . . , a^-i be arbitrary in (a, b). By (i) =^ (v), f^ k ~ l \x, ai, . . . , a±) 
is operator monotone on (a, b). Let gi(x) := f^(x, «i); then we have gf 2 \x, a±, . . . , a±) = 
/[ fc_1 l(:r, ai, . . . , ai). Hence by (v) (i) with some a and k — 1 in place of fc, gi is operator 
(A; — l)-tone on (a, b) and hence 2 '(x, • • • , 02) is operator monotone on (o, b). Repeat 
this argument to g 2 (x) := gl\x,a 2 ), gk-i '■= 9^k~ 2 ( x > a k~i) and notice that gk-i{x) = 
/[ fe_1 l(a;, ai, . . . , Hence (v) follows. □ 

In the rest of the section we will point out some interesting consequences of the above 
theorem and its proof, which have mostly appeared from the connections between / and its 
divided differences in (13.31) and ([37 



Corollary 3.4. Let f be a real continuous function on (a,b), where —00 < a < b < 00. Let 
k G N. Then the following conditions are equivalent: 

(i) / is operator k-tone on (a,b); 

(ii) for some {equivalently, any) ai, . . . , ajfc— 1 in (a,b) there exist a polynomial P{x) of 
degree less than or equal to k — 2 and an operator monotone function g on (a, b) such 
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that 



f(x) = P(x) + ^J[(x- ai )^g(xy, 



(iii) / is C k 2 and for some (equivalently, any) a G (a, b) there exists an operator monotone 
function g on (a, b) such that 



/(*) = E ^ir^ ( x ~ «)' + ( x ~ a ) k ~ l 9(x)- 



1=0 



The corollary tells us that the structure of operator A;-tone functions is rather simple with 
additive and multiplicative polynomial factors beyond operator monotone functions. With 
a G (a, b) fixed in (iii), there is a one-to-one correspondence, up to polynomials of degree less 
than or equal to k — 2, between operator /c-tone functions on (a, b) and operator monotone 
functions on (a, b). 

It is also worthwhile to observe 

Corollary 3.5. Let f be a operator k-tone function on (a,b), where — oo < a < b < oo. 
Then 

(a) For any a G (a,b), (x — a)f is operator (k + l)-tone on (a,b). 

(b) For any I £N, f is operator (k + 2/) -tone on (a, 6). 

(c) J/jfeis e?;en, £/ien ^ /(A + tX)| t=Q > for all A G B('H) sa (a, b) and X £ B(H) sa . 

Proof, (a) has already been shown in the proof of Theorem l3,3l (see the paragraph after (|3.3|) ). 
and (b) is similarly shown by using Lemma 13.21 Let us prove (c). For A G M^ a (a, b) and 
X G M* a of any n G N, this is immediately seen from Corollary I3.4l (iii) and f)3. 1 j) in the proof 
of Lemma E2J Next, let A G B{U) sa (a, b) and X G B(U) sa , and let U n and P n be as in the 
proof of Proposition 11.61 Set A n := P n AP n \% n and X n := P n XP n \% n , which are considered 
as elements of M^ a (a, 6) and of M* a , respectively. By the matrix case shown above we have 
J, f{A n + tX n )\ > 0. Using ([32]) one can easily verify that P n (^ f{A n + tX n )\ t=Q )P n 
converges strongly to J^j /(t! + tX)\ t _ Q . Hence the latter feth derivative is non-negative. □ 

Remark 3.6. The phenomenon in the above (c) was observed in the paper [21] for k = 2. 
For the proof one can alternatively use the higher derivative formula for infinite dimensional 
operators in [23] to verify the same expression as f)3. 1 [) . 



It is well known that any operator monotone function on the whole line (—00,00) is a 
linear function a + fix with f5 > 0; any operator convex function on (—00, 00) is a quadratic 
function a + j3x + ^x 2 with 7 > 0. The following higher order extension is immediate from 
(iii) of Corollary 13.41 
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Corollary 3.7. Let k G N. A real function on (—00, 00) is operator k-tone if and only if it 
is a polynomial of degree less than or equal to k with non-negative coefficient of x k . 

The following Corollary is also immediate from Theorem 13.31 

Corollary 3.8. Let f be a real continuous function on (a,b), where —00 < a < b < 00. Let 
k, m G N with m < k. Then the following conditions are equivalent: 

(i) / is operator k-tone on (a,b); 

(ii) / is C m on (a, b) and f^(x, a±, . . . , a m ) is operator (k — m)-tone on (a, b) for every 
ai, . . . ,a m G (a,b); 

(iii) / is C m ~ l on (a, b) and (x, a, . . . , a) is operator (k — m)-tone on (a, b) for some 
a G (a, b) {with continuation of value at x = a). 

Let J-(a,b) denote the space of all real functions on (a,b), which is a locally convex 
topological space equipped with the pointwise convergence topology. For each k G N we 
denote by V^ k \a,b) the set of all operator fc-tone functions on (a, b). 

Proposition 3.9. The set V^ k \a,b) is a closed convex cone in J- (a, b) for every k G N and 

(a, b) C p(3) ( a , b) C ( a , b) C . . . , 

P (2) (a,fe) C?( 4 )(a» <=7> (6) M) <=... . 

Proof. Lemma fl . 1 1 clearly implies that the set V^{a, b) of all matrix /s-tone functions of order 
n on (a,b) is a positive cone and is closed for the pointwise convergence. Hence V^(a,b) = 

n n >o^ , ™' C ^( a ' nas * ne same properties. 

The inclusion have already been seen in Corollary 13.51 (b) . Moreover, for each k G N with 
k > 2, let f(x) = x k . Then 

f^(x l ,...,x k ) = x 1 + ---+x k , f^( Xl ,...,x k+2 ) = 0. 

Hence / G V^ k+1) (-1, 1) but / £ pO^f-l, 1) since / [fe-11 (a;i, . . . , x k ) is negative for 
x\, . . . ,x k G (—1, 0). (More intrinsic differences among P( fc )(-l,l)'s will be seen from Propo- 
sition [OJ) □ 

4 Operator /c-tone functions on (—1,1) 

In this section we discuss operator fc-tone functions restricted on the domain interval (—1, 1). 
In the next theorem we show further characterizations of such functions by using Theorem 
13.31 and the integral representation of operator monotone functions in Theorem 11.81 (in fact, 
(fL5l) is flUJ) when k = 1). 

Theorem 4.1. Let f be a real function on (—1, 1), and let k G N. Then the following 
conditions (i)-(iii) are equivalent: 
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(i) / is operator k-tone on (— 1, 1); 

(ii) / is C k ~ 1 on (—1,1) and there exists a finite positive measure \i on [—1,1] such that, 
for any choice of a G (—1, 1), 

(iii) / is C k on (—1, 1) and there exists a finite positive measure \i on [—1, 1] such that 

fW( Xl ,x 2 ,...,x k+1 )= [ - — — -L -dfi(X) (4.2) 

(1 - Axi)(l - Xx 2 ) ■ • ■ (1 - Xx k+ i) 

for every xi,x 2 , . . .,x k+ i G (-1, 1). 

Moreover, in the above situation, the measures fi in (ii) and in (iii) are unique and same, 
and the following hold for every m > k: 

(a) For any choice of a G (—1,1), 

/w - E ^ - + | u] w). (4.3) 

(b) For euen/ xi,x 2 , . . . ,a; m +i G (-1, 1), 

/^rn—k 
_! !] (1 - Axi)(l - Xx 2 ) • • • (1 - Xx m+ i) 

Proof, (i) => (ii). For each a G (—1,1) use Corollary I3.4l (iii) to have an operator monotone 
function g on ( — 1,1), which is represented by Theorem 11.81 as in fjl .5[) with a representing 
measure /i. Replacing (1 — Xa) k ~ 1 d/j,(X) with dfx{X) we have expression (14. lj) . We next prove 
that the measure \x does not depend on a. Let a G (—1, 1) be arbitrary. Since 

(a; - a) k (x - a) k (x - a) k (l - Xa) k - (x - a) k (l - Xa) k 



(1 - Xx){l - Xa) k {I - Xx){\ - Xa) k ~ (1 - Xx){l - Xa) k {l - Xa) k 

and the numerator of the above right-hand side is zero when x = 1/A, we notice that the 
above expression is written in the form 

fc-l 

Pk-lix) :=Y,ai(X)x l , 
1=0 

where a;(A), < I < k — 1, are functions of A (a, a being constants). Since P k -i(0), P^_ 1 (0), 
. . . , Pf£_i (0) are functions of A on [—1, 1] integrable with respect to /i, we notice that ai(X), 
< I < k — 1, are integrable with respect to /x. Therefore, 



(cc — a) fc (x — a) k 



[-1,1] VC 1 - Ax )( 1 - Xa ) k 0- - Ax )( 1 - Xdl ) k 



S Wl-i.1] 



a,(A)d/i(A) W 
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so that we have 

/(x — <5;)k 
— r- r-j- da{\). 
L -i,i] (1 - Ax)(l - Xaf 

Since the above integral term is o((x — d) fc_1 ), the first polynomial term must be 

'"'/'"(a),. ,M 



Z! 

f=U 

so that (|4.ip is valid with a in place of a. 

The proof of (ii) =>■ (iii), as well as that of (b) from (|4.ip . is included in the proof of 
Corollary 11.91 and (iii) =>■ (i) was actually shown in the proof of Lemma 13.21 Moreover, (a) 
follows from (b) by letting x\ = x and X2 = ■ ■ ■ = x m +i = ex. 

It remains to prove the uniqueness of fx in (iii). Recall that the linear span of functions 
h x (X) '■= 1/(1 — Ax) where x G (—1,1) is dense in C([— 1, 1]), the space of continuous functions 
on [—1, 1]. So, letting x\ = x and xi = ■ ■ ■ = x n+ 2 = in f|4.2j) one can easily see that fx is 
unique. □ 

Of course the integral term of (14. 3D is the mth remainder term of the Taylor series of / at 
a. This remainder term converges to as m — > oo for \x — a\ < 1 — \a\ by Lemma 13. II (this 
follows also by the Lebesgue convergence theorem). 

We call the finite measure fx on [—1,1] in (ii) and (iii) of Theorem 14.11 the representing 
measure of /. Theorem 14.11 (a) says that if / G ^^(-l, 1) with the representing measure 
[i and if m > k and m — k is even, then / £ V^ m \—1, 1) with the representing measure 
A m_fc d/i(A). In this connection we show 

Proposition 4.2. Let f € , pw[— 1, 1) with the representing measure fx. Then 

(1) / G p( fe+1 )(-l, 1) if and only if fx is supported in [0, 1] . In this case, 

f e pH(-l,l) 

for all m > k. 

(2) / G -P( fc+1 )(-l,l) if and only if fi is supported in [—1,0]. In this case, f G 
(_l)m-fc 7? (m)(_ lj X ) j or a u m> k. 

Proof. (1) Assume that / G p( fe + 1 )(— 1, 1). Theorem 14.11 implies that there exists a finite 
positive measure fi' on [—1, 1] such that 



f^(x u ...,x k+2 )= / — — - -dfx'(X) 

J [-1,1] (1 - Axi) • • • (1 - Ax fc+2 ) 

for every x\, . . . , x^+2 € (— 1, 1). On the other hand, by Theorem 14.11 (b) we have 



/[ fc+1 l(x 1 ,...,x fc+2 )= / A -d M (A) 

V[-i,i] (1 - Axi) •••(!- Ax fc+2 ) 
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for every x±, . . . , G ( — 1, 1)- As in the last part of the proof of Theorem 14.11 letting 
x\ = x and X2 = ■ ■ ■ = x n+ 2 = 0, we must have dfi'(X) = A dfi(\) on [—1, 1]. This means that 
fi is supported in [0,1]. Conversely, if fi is supported in [0,1], then / € pM(_l,l) for all 
m> k thanks to Theorem 14.11 

(2) is similarly shown. □ 

In case of m = 1 (or m = 2) the next proposition shows when / G 1, 1) is a sum of 

a polynomial of degree k and an operator monotone (or operator convex) function on (—1, 1). 

Proposition 4.3. Let k,m € N with m < k. Let f £ (—1,1) with the representing 
measure \i. 

(1) Assume that k — m is even. Then there exist ao,...,ak £ M mtt «fc > and g G 
p( m )(-l,l) snc/t fta* 

= ^ a ^ + ^)' a;e(-l,l), 

i/ and on/y i/ 



/ „ r , ^ (A) < +0 °' 

J -1.1 uol A 



-i,i]\{o} 

(2) Assume that k — m is odd. Then there exist oo,...,a/c £ M with a& > and g € 

k 

f(x) = ^2aix l + g(x), a?e(-l,l), 

1=0 

if and only if /i is supported in [0, 1] and 



'(o 

(3) Assume that k — m is odd. Then there exist ao,...,dk € M wi/i a& > and g £ 
PM(-1,1) suc/i i/iat 

/( x ) = J2 a i xl -9{x), xe(-l,l), 
if and only if fi is supported in [—1, 0] and 
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Proof. (1) Assume that / is of the form in (1). Let // be the representing measure of g. By 
Theorem 14.11 (a) we then have 

/\k—m 
(1 - Axi)(l - Xx 2 ) • • • (1 - Xxk+i) 

■dfM{X). 



'[-i,i] (1 - Axi)(l - Xx 2 ) ■ • • (1 - Xx k+1 ) 
As in the proof of Proposition 14.21 we have 

dfi(X) = a k d5 (X) + X k ~ m dfi'(X) (4.4) 

so that 



dfi(X) = I dfi'(X) < +oo. 



i,i]\{o} A fc ^[-i,i]\{o} 



Conversely, assume that /r_j yupi l/X k m dfi(X) < +oo. Since 
x k ^ x m^ _ (i _ Xx)} k - m 
1 - Xx ~ (1 - Ax)A fc ~ m 



(1 - Xx)X k ~ 



g( ry- i)i{i - xx)i 



k—m 



1=0 



l ) y ' X k ~ m (1 - Ax)A fc - 



we have 



i=0 

;=o /! z=o V 1 J ^hi,i]\{o} A 



x m 



. -1,1]\{0} C 1 - Ax ) A 
= (a polynomial of at most degree k) + g(x), 

where 

t -i,i]\{o} (1 - Ax)A^ 

belongs to r p( m >(— 1, 1). In the above, 5(2;) is well defined by the integrability assumption. 

(2) Assume that / is of the form in (2). Let // be the representing measure of g. Then 
we have (I4.4p as in the proof of (1). Since k — m is odd, \i and fj,' are supported in [0, 1] and 

1 



■dfi(X) 



/ dfjf(X) < +00. 
J(o,i] 



(0,1] Afc " 

The proof of the converse implication is also similar to that of (1) by replacing the integral 
region [-1, 1] \ {0} with (0, 1]. 

(3) is shown similarly to the above. □ 
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We say that a smooth real function / on (a, b) is operator absolutely monotone if 
d k 



dt k 



f(A + tX) >0, k = 0,1,2, ... , (4.5) 



t=o 

for every A £ M^ a (a, 6) and every X £ of any n £ N, and operator completely monotone 
if 

d k 

(-l) k ^j:f(A + tX) t=o >0, k = 0,1,2,..., (4.6) 

for every j4 £ M^ a (a, b) and every X £ of any n £ N. From Proposition 14.21 one can 
characterize these operator versions of absolute and complete monotone functions on (—1,1) 
as follows: 

Proposition 4.4. The following conditions for a real function on ( — 1, 1) are equivalent: 

(i) / is operator absolutely monotone; 

(ii) f is a non-negative operator monotone function whose representing measure is supported 
in [0,1]; 

(hi) / admits the integral expression 

m=p+[ ^±fd/i(A) 

J[0,1] 1 - *X 

with (3 > and a (unique) finite positive measure fi on [0, 1]. 

Proof, (i) (ii) is obvious from Proposition 14.21 (1) for k = 1. (ii) (iii) follows by letting 
a \ — 1 in (jl.5p of Theorem 11.81 and then replacing (1 + A) -1 dfi(X) with dfj,(X). (iii) (ii) 
is immediate since (1 + x)/(l — Ax) is non-negative and operator monotone on (—1,1) for 
A €[0,1]. □ 

Proposition 4.5. The following conditions for a real function on (—1, 1) are equivalent: 

(i) / is operator completely monotone; 

(ii) —f is a non-positive operator monotone function whose representing measure is sup- 
ported in [—1,0]; 

(iii) / admits the integral expression 

J[-i,o] 1 - 

with (5 > and a (unique) finite positive measure \i on [—1,0]. 

Proof. The proof is similar to that of Proposition 14.41 Alternatively, this proposition imme- 
diately follows from Proposition 14.41 since / is operator completely monotone on (—1,1) if 
and only if f(—x) is operator absolutely monotone on (—1, 1). □ 

Furthermore, one can see from Theorem 13.31 that if / is operator absolutely monotone 
(resp., operator completely monotone) on (—1,1), then (|4.5p (resp., (|4.6p ) holds for every 
A £ B(H) sa (-l, 1) and X £ B(H) + . This justifies our terminology. 
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5 Operator /c-tone functions on (0, oo) 

In addition to general characterizations in Theorem 13,31 the next theorem gives integral 
representation of operator /c-tone functions on the unbounded interval (0, oo). Note that 
(ELI) is flO) when k = 1. 



Theorem 5.1. Let f be a real function on (0, oo), and let k G N. Then the following 
conditions (i)-(iii) are equivalent: 

(i) / is operator k-tone on (0, oo); 

(ii) / is C k ~ 1 on (0, oo) and there exist a 7 > and a positive measure fi on [0, 00) such 
that 

— — — dfi(X) < +00 (5.1) 
r [0,oo) (1 + A) fe+1 

and, for any choice of a G (0, 00), 

f{x) = Y J ^^{x-a) l + 1 (x-a) k 
1=0 



(x — a) k 
[0,00) {x + X)(a + \) k 



+ 1 TZ , —„ , vu W, xG(0,oo); (5.2) 



(hi) / is C k on (0, 00) and there exist a 7 > and a positive measure fi on [0, 00) such that 
(|5.ip /io/ds and 

/[ fc ](x l5 x 2 ,...,x fc+1 )=7+ / 7 — ZTu — Z h 1 TTT d ^ A ) ( 5 ' 3 ) 

V[o,oo) (^1 + A)(x 2 + A) • • • (xfc+i + A) 

for every xi,x 2 , ■ ■ ■ ,x k+ i G (0, 00). 

Moreover, in the above situation, 7 and fi in (ii) and in (hi) are unique and same, and 
the following hold for every m > k: 

(a) For any choice of a G (0, 00), 

/(x) = ^ 1 Z!M (x _ a y + ( _i r ^ f } X ~ a) ™, m dKV, xG(0,oo), 

^ *! y[o,oo) ( x + A)(a + A) m 

(5.4) 

and hence (—l) m ~ k f is operator m-tone on (0, 00). 

(b) For every xi,x 2 , . . . ,x m+ i G (0, 00), 

f^(x 1} x 2 ,...,x m+1 ) = (-ir~ k [ - 1 , — — d[i(\). 

J [0,00) \ x i + A)(x 2 + A) • • • [x m+ x + A) 
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Proof, (i) => (ii). Assume (i); by Theorem 13.31 / is analytic and g(x) := f^ k ~ l \x, a, . . . ,a) is 
operator monotone on (0, oo) for any fixed a € (0, oo). Then by Theorem 1 1.101 g admits the 
integral expression 

f X — Oi 

g {x) = p + 7(x - a) + / - — — — — — - d/i(A), xe(0,oo), 

i[o,oo) (x + A)(q + A) 

where /3 = 5(a), 7 > and /i is a positive measure on [0, 00) satisfying 



/ T\ 1 \\2 d ^ 

Moo) (1 + X) 



< +00. 

'[0,00) ' 

Replacing (a + A) fc ~ x cZyu(A) with dfi(X) we have (15.ip . Thanks to (13.31) for x G (0, 00) in this 
case, we have 



/(*) = E ^TT^ ( x " «)' + ^ " «) fe " 1 + ^ x " «)* 



1=0 



+ / n^rw^W' x€(o,c»). 

Jfo.oo) (x + A)(a + A) fe 



'[0,00) + A) (a + A) 

Since the above integral term is o((x — a) fe_1 ), we have j3 = f^ k ~ 1 \a)/{k — 1)! so that 
expression (|5.2p holds for a fixed above. 
Let a € (0, 00) be arbitrary. Notice that 



(x - u) k 1 



x + A x + A 

and hence 



j:Q(-l) k - l (a + Xr i (x + Xy 



x + A (a + A) fc x + A ' \ y ' (a + X) l ) y ' 



1=1 

Inserting this into (|5.2p we conclude that 



/(x) = (a polynomial of at most degree k — 1 

/" (x — <5) fc 

'[0,00) (a; + A)(d + A) 



+ 1 {x-a) k + I 7 _A_^_^(A). 



Since the above integral term is o((x — a) k 1 ), the first polynomial term must be 

E^SH^-") 

so that (|5.2p is also valid with a in place of a. 
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(ii) (iii) . Similarly to Corollary 11.91 we compute 
(x-a) k 

[XI, X2) 



(x + X)(a + X) k 

= (-l) k — + V 



yKfk\(-l) k ~ l (Xl + A)' _1 - (x 2 + A)'" 1 



(xi + A)(x 2 + A) ^\lJ(a + \) 1 xi — x 2 

i> 1 (^) V,,) + £ (*) ^ ((* + A)<" V V, 



so that 



— u \ (xi,x 2 ,. . . ,x k+ x) 



(x + X)(a + X) k 



( _1 ) /C ( — r~r (x 1 ,x 2 ,...,x k+1 ) 



^x + Xj {x\ + X)(x 2 + A) • • • (x k+ i + A) 

for every x\,x 2 , . . . ,x k +i G (0, 00). Hence (iii) follows from (ii) by taking the fcth divided 
differences of both sides of (|5.2p . where we can take the kth divided difference inside the 
integral due to (|5.1|) . 

(iii) =>- (i). Let A = Diag(ai, . . . , a n ) G M* a (0, 00) and X G M+. Similarly to the proof of 
Lemma 13.21 based on Daleckii and Krein's derivative formula, one can show from (iii) that 

d k 

J{A + tA) = k\ 

'[0,oo) 

with 



f(A + tX) =k\ [ DiXf/^DiXf^XDiXf^fDiX) 1 ' 2 d^X) > 0, 

dt t=0 Jr 0iOo) 



D(X) :=Diag( —L-,...,—L- ), Ag[0,oo). 
ai + A a n + X; 



This yields (i) by Theorem! 

Next, we prove the uniqueness of 7 and ji in (ii) or in (iii). It suffices to show the uniqueness 
of 7 and fi in (iii). Let x\= x and x% = ■ ■ ■ = x k +\ = 1 in (|5.3p . Then 

g(x) : = /[ fc l(x, 1, . . . , 1) = 7 + / —j—r dv(X), (5.5) 

J\0,oo) X + A 



where 



1 f 1 

dv(X) := . dfi(X), hence / —— - dv{X) < +00. 

(1 + Xf J[o,oo) 1 + A 

This says that g is a non-negative operator monotone decreasing function on (0, 00). It is 
well known that a 7 > and a measure v on [0, 00) representing g in (|5.5|) are unique (in 
fact, 7 = tim a! _ > . 00 5(2;)). So 7 and /i in (iii) are unique. 

Finally, we prove (a) and (b). Assertion (a) immediately follows by computing higher 
order divided differences from (j5.3j) . Moreover, (15. 4D follows from (b) by letting x\ = a and 
X2 = • • • = x m +i = a. The operator m-tonicity of (— l) m_fe / now follows from expression 
(|5.4j) due to condition (ii). □ 
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One can understand the integral term of (|5.4p as the rath remainder term of the Taylor 
series of / at a, which converges to as m — > oo for x € (0, 2a). 
In terms of the convex cones V^(0, oo) we have proved 

Proposition 5.2. The closed convex cones 

P«(0, oo) C -p( 2 )(0, oo) C p(3)( , oo) C -p( 4 )(0, oo) C . . . , 
where -P( fc )(0,oo) := {-/:/€ P^(0,oo)}. 

Proof. Assertion (a) of Theorem 15.11 gives the inclusion property of Pw(0, oo)'s, where the 
strict inclusions are seen as in the proof of Proposition 13.91 (More intrinsic differences among 
±p( fc )(0,oo)'s will be seen from Proposition 15.61 and examples in Section [6j) □ 

Theorem 15 . 1 1 says that a function / € V^(0, oo) admits a unique integral expression given 
in (|5.2p with a constant 7 > and a measure on [0, 00) satisfying (|5.ip . We call 7 the 
coefficient of the kth degree of / and \x the representing measure of /. 

The following corollaries are seen from the cases k = 1,2 of Theorem 15.11 combined with 
a characterization of operator monotone decreasing functions in [3]. For instance, (1) <4> (3) 
and (1') <=> (3') seem new. 

Corollary 5.3. For a real function f on (0, 00) the following conditions are equivalent: 

(1) / is operator monotone on (0, 00); 

(2) f^(x,a) is a non-negative operator monotone decreasing function on (0, 00) for some 
a £ (0,oo) (with continuation at x = a); 

(3) /M(x,a) is non-negative, non-increasing (as a numerical function) and operator convex 
on (0, 00) for some a € (0, 00) (with continuation at x = a). 

Proof. Since condition (iii) of Theorem l5-H in the case k = 1, obviously implies (2), we have 
(1) (2). Conversely, (2) yields the integral expression 

/W(x,a)= 7 + / — ^T<MA), 

J [0,oo) X + A 

where 7 > and v is a finite positive measure on [0, 00), see [13] (also [U Theorem 3.1]). 
This gives 

f(x) = f(a) + 7 (x - a) + / ^ du(X), 

J [0,00) x + A 

from which (1) follows. (2) <S=> (3) follows from [JJ Theorem 3.1]. □ 
Corollary 5.4. For a real function f on (0, 00) the following conditions are equivalent: 
(l') f is operator convex on (0, 00); 
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(2') a) is operator monotone on (0, oo) for some a £ (0, oo) (with continuation at 

x = a); 



(3') / is C 1 and 



-[21/ \ IM ~ f(a) ~ f'(a)(x - a) 



(x — a) 2 

is a non-negative operator monotone decreasing on (0, oo) for some a £ (0, oo) (with 
continuation at x = a); 

(4') / is C 1 and (x,a,a) is non-negative, non-increasing (as a numerical function) , and 
operator convex on (0, oo) for some a £ (0, oo) (with continuation at x = a). 

Proof. (T) <=> (2') is in [T7I Corollary 2.7.8] (also [Ml Lemma 2.1]). Condition (iii) of Theorem 
15. 1| in the case k = 2, implies (3'), so we have (1') => (3'). If (3') holds, then / a) satisfies 
(2) of the above corollary so that (2') holds. Finally, (3') 44> (4') follows from j3J Theorem 
3.1]. □ 

It is well known [3 V.2.5] that operator monotone functions on [0, oo) are operator concave 
there (essentially same as V^(0, oo) C — ^^(O, oo)). By a small convergence argument from 
-P (2) (0,oo) C P (3) (0,oo) we have 

Corollary 5.5. If f is an operator concave function on [0, oo), then 

(1 -s)(l- t)(t - s)f(A) + s(l - s)f((l - t)A + tB) 
< t(l - t)f((l - s)A + sB) + st(t - s)f(B) 

for every A,B £ B(H) + with A < B and every s,t € [0, 1] with < s < t < 1. 

In case of m = 1 (or m = 2) the next proposition characterizes when / £ V^ k '(0, oo) is a 
sum or difference of a polynomial of degree k and an operator monotone (or operator convex) 
function on (0, oo). 

Proposition 5.6. Let k,m £ N with m < k. For a real function f on (0, oo) the following 
are equivalent: 

(i) there exist ao, ■ ■ ■ , ak £ K with > and g £ (0, oo) such that 

k 

f(x) = aix 1 + (-lf- m g(x), x £ (0, oo); 

1=0 

(ii) / £ "P( fc )(0,oo) and the representing measure /i of f satisfies 

1 



[0,oo) (1 + A)' 



m+1 



dfi(X) < +oo. (5.6) 
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Proof, (i) => (ii). Assume that / is of the form in (i). Let [i be the representing measure of 
g, which satisfies (|5.6p . Then by (b) of Theorem 15.11 we have 

/ [fc ](xi,x 2 ,...,x fc+ i) = a k + / — — ^ — cfyi(A). 

J[o,oo) \x\ + A)(x 2 + A) ■ ■ ■ (xfc+i + A) 

Hence Theorem 15.11 implies that / £ V^(0, oo) with the coefficient of the kth degree a k and 
the representing measure ji. 

(ii) =>- (i) . Assume that / is represented as ()5.2f) with the measure /i satisfying (]5.6h . Since 

(x - a) fc (x - a) m {(x + A) — (a + A)} fc ~ m 

(x + A)(a + A) fc ~ (x + A)(a + A) fc 



(x — a) m (k — m\. i i 

fcz3( i )(-l) l (a + A) l (s + A) 



k—m—l 



(x + A)(a + A)fc ^ V ' 
+ (-!)' 



(x - a) T 



(x + A) (a + A) m ' 



we have 



J[o,oo) (x + A)(a + A) m 
(a polynomial of at most degree k — 1) + jx h + (— l) k ~ m g(x 



where 



ifo.oo-i x + A) a + A m 



'[o,oo) (x + A)(a + A) r 

belongs to P( m )(0,oo). □ 

The case m = version of Proposition 15.61 can be stated as follows: A function / £ 
V( k \0, oo) with the representing measure \x is of the form f(x) = clq + (— l) fc g(x) with ao > 
and a non-negative operator monotone decreasing function g on (0, oo) if and only if 



/ T^T^(A)<+oo. 

J[0,oo) 1 + A 



The proof is similar to the above. This suggests us to define V^°'(0, oo) as the set of all non- 
negative operator monotone decreasing functions on (0, oo); then (0, oo) C — (0, oo) C 
p( 2 )(0,oo). 
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Lemma 5.7. Let k G N and f G V^ k \0,oo). Then lim^o xf(x) and lim z _ 5 . 00 f(x)/x k exist 
and 

y ^n^/(- 00 '°] if k is odd, f( x )^m \ 

hm.xj(2;) G < hm — j— € O,oo). 

x\o I [0, oo) if k is even, x ^°° x K 

Proof. First, assume that g is an operator monotone function on (0, oo). From the integral 
representation of g, it is easy to show that lining xg(x) and lirn^oo g(x)/x exist and 

\\m xg{x) G (— oo,0], lim G [0, oo) , (5.7) 

see also \19\ Corollary 2.7]. Next, assume that / G 7>( fc )(0, oo). By Corollary E3] there is an 
operator monotone function g on (0, oo) such that / is a sum of a polynomial of degree less 
than or equal to k — 2 and (x — l) k ~ l g{x). This together with (|5.7p yields the conclusion. 
(In fact, by using the Lebesgue convergence theorem, one can easily see from (|5.2p that 
7 = lim^; ->oo f(x)/x k , the coefficient of fcth degree of /.) □ 

Proposition 5.8. Let k, m G N with k < m. For a real function f on (0, oo) the following 
are equivalent: 

(i) /G^ fc )(0,oo); 

(ii) {-l) m - k f G p( m )(0,oo) andlim x ^ OQ f(x)/x k G [0,oo). 

Proof, (i) =>■ (ii). Assume that / G 7^ fc )(0, oo), and let 7 > be the coefficient of the kth 
degree and /j, the representing measure of /. Then (-l) m ~ k f g p( m )(0,oo) by Proposition 
15.21 and Lemma 15.71 implies that ]im x -^ 00 f[x)jx k G [0, 00). 

(ii) =>• (i). It suffices to prove the case where k = m — 1, that is, 

(*) if -/ G P (m) (0,oo) and linw* f(x)/x m ~ 1 G [0,oo), then / G V {m ~ l) (0, 00). 

Indeed, assume that (ii) holds for k < m. Since lim a; ^. 00 (— l) m ~ k ~ l f(x)/x m ~ 1 G [0, 00) (in 
fact, lim a ._ +00 /(x)/x m - 1 = Oif k < m-1), we apply (*) to have {-l) m - k - 1 f G V^ 1 ) (0, 00). 
If fc < m — 1, then we apply (*) again to have (— l) m ~ fc ~ 2 / g j>i m ~ 2 ) (0, 00). Repeating this 
procedure yields that / G V^(0, 00). 

To prove (*), assume that -/ G P (m) (0,oo) and lim^o, f{x)/x m ~ l G [0,oo). Let 70 > 
and fi be the coefficient of the mth degree and the representing measure of — /, respectively. 
With a G (0, 00) we have 

^ /! ,/[o i00 ) {x + A)(a + A) m 

Since 



a;— >-oo x 



1 /* (x — Oi) m /" X — (X 

- ; ™ ZT (0,00) (x + A)(a + A)- d/i(A) = ™y [0)OO ) (x + A)(a + A)™ ^ (A) 

0,0c) (« + A) m ^ (A) 
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by the monotone convergence theorem, the assumption lim^^oo f(x)/x rn 1 £ [0, oo) implies 
that 70 = and 

ft™- 1 ) (a) f 1 
71 := L ( \rf ~ / 7-— dfi(X) e [0, oo) (5.8) 

{m-iy. y [0)Oo) (a + A) m 



and hence 
Since 

one can write 

m—1 



f t -tt— du(X) < +oo. (5.9) 

7(0,00) (« + A) m 1 ; 



(z - a) m (x - a)™" 1 (x - a) m ~ l 



(x + A)(a + A) m (a + A) m (x + A)(a + A) 



m—1 



^ Z! 7[ ,oo) (a + A) m 

= g — ( * " a) + " a) + y [0>oo) (x + A)(a + A)-i ^ (A) - 

Thanks to ([ITS]) and (|5U|) this implies that / € p( m_1 )(0, oo). □ 

Concerning operator absolutely /completely monotone functions on (0, oo) (introduced in 
the previous section) we have 

Proposition 5.9. Let f be a smooth real function on (0, oo). Then f is operator absolutely 
monotone if and only if f(x) = ax+(3 with a, (3 > 0. Also, f is operator completely monotone 
if and only if f is a non-negative operator monotone decreasing function on (0, oo). 

Proof. Assume that / is operator absolutely monotone. Then we have, in particular, / £ 
PW(0, oo) nP (2) (0, oo) so that ±f £ P (2) (0, oo) by Proposition Hence / is a polynomial 
of degree less than or equal to 2. But thanks to Lemma 15.71 / must be a linear function 
ax + j3. Since f(x) > on (0, oo), we have a, /3 > 0. The converse implication is obvious. 

Next, assume that / is operator completely monotone. In particular, / £ — , p( 1 )(0, oo), 
that is, / is operator monotone decreasing on (0, oo), and moreover / is non-negative. Con- 
versely, let / be non-negative and operator monotone decreasing on (0, oo). Then by Proposi- 
tion l5.2l we have / £ (— l) k, p( k \0, oo) for all k £ N, so / is operator completely monotone. □ 

6 Examples 

In this section we present several examples of operator fe-tone functions on (0, oo). First, 
recall a convenient way to obtain operator fc-tone functions on (0, oo). Let g be an operator 
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monotone function on (0, oo), k,m G N with m < k, and let ai,...,a m G (0, oo). By 
Corollary 13.41 and Proposition 15.21 we obtain 

(-l)^" 1 - 1 !^-^)!^) GP (fc) (0,oo). (6.1) 

Furthermore, by taking the limit as a; \ 0, (|6.ip is valid for any a\, . . . , a m € [0, oo) with 
any m < k. 

Example 6.1. Note that — x r and x r (x — a) are operator monotone on (0, oo) for every 
r G [—1, 0] and a G [0, oo). For each k G N and every ai, . . . , € [0, oo), by (|6.ip we have 



(-1)*-"V - a,) G P (fc) (0, oo) 



i=i 

if r G [—1, 0] and m = 0, 1, . . . , k. 

Concerning the power functions ±x p on (0, oo) with p £ 1, let us prove that, for each 
k G N, xP G V^{0, oo) if and only if 

JpE [0,1] U [2,3] U---U [k -l,k] if Zeis odd, 
\p G [-1,0] U [1,2] U • • • U [k - l,k] if Zeis even, 

and -x v G P^(0, oo) if and only if 

JpG [-1,0] U [1,2] U---U [k- 2,k-l] if k is odd, 
|pE[0,l]U[2,3]U"-U[Jfe-2,jfe-l] if Zeis even. 

We need to prove the "only if parts. By Lemma 15.71 note that p 6 [ — 1 , A;] is necessary for 
±x p to belong to P (fc )(0, oo). Since 

d k 

—r x p = pip -!)■■■ (p-k + l)x p ~ k , x G (0, oo), 

the condition p(p — 1) • • • (p — k + 1) > (resp., p(p — 1) • • • (p — k + 1) < 0) is necessary 
for x p (resp., — x p ) to belong to P^(0, oo). Therefore, (|6.2p is necessary for x p to belong to 
7>W(0,oo), and (JOD is necessary for — x p to belong to P'"(0, oo). 

Example 6.2. Since logx is operator monotone on (0, oo), for each k G N and every 
ai,..., afc_i G [0, oo), by (I6.ip we have 

J^( x _ Qi )| i ogx G p(*)(o, oo), m = 0, 1, . . . , jfe - 1. 

Concerning the functions ±x p logx on (0, oo) with p £ M, we prove that, for each k G N, 
x p logx G "P( fe )(0, oo) if and only if 

[p G {0,2,... ,k- 1} if Zeis odd, 
I p G {1, 3, . . . , Zc — 1} if Zc is even, 
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and — x p logx E V^ k \0, oo) if and only if 

{p G {1, 3, . . . , k — 2} if A; is odd (empty if fc = 1), 
p E {0, 2, ... ,k — 2} if A; is even. 

It is enough to prove the "only if parts. By induction one can compute 

d k 

^-(x p logx) = x p - k {p(p - 1) ••• (p - k + l)logx + Q k (p)}, A; = 1,2,..., 

where Q\(p) := 1 and 
fc-i 

Qk(p) ■= J2p& ~ X ) ■ ■ ■ (P ~ * ~ — « + 1) ■ ■ ■ (p — A; + 1), fc > 2. 

i=0 

Hence, if p G" {0, 1, . . . , k — 1}, then J-^ (x p log x) takes both positive and negative values on 
(0, oo), so neither x p \ogx nor —x p \ogx belongs to V^ k \0, oo). Moreover, if both ±x p logx 
belong to V^ k \0,oo), then x p logx must be a polynomial of at most degree k — 1, which is 
impossible. Combining these facts shows the assertions. 

Example 6.3. Note that —l/(x + 1) and x/(x + 1) are operator monotone on (0, oo). By 
(16.11) . for each k E N and every ai, . . . , E [0, oo), 

± — ^— — T[(x - a{) E V {k \0, oo), m = 0,l,...,k. 
x + 1 li- 

Concerning the functions ±x p /(x + 1) on (0, oo) with p £ R, let us show that, for each 
k G N, ajP/(s + 1) G P< fc )(0, oo) if and only if 

{p G {1, 3, . . . , fc} if is odd, 
p G {0, 2, . . . , k} if is even, 

and -x p /(x + 1) G P (fc) (0, oo) if and only if 

fp G {0,2,... ,fc- 1} if fc is odd, 
I p G {1, 3, . . . , k — 1} if k is even. 

By induction one can compute the Aith derivative 

— f + 1)) = + l)-( fc+1 )Q fc (x), fc = 1, 2, ... , 

where Qk(x) is a polynomial given as 

Q k ( x ) = (p - l)(p - 2) ■ ■ ■ (p - k)x k 

+ a^l 1 x k ~ 1 + ■■■ + a[ k) x + p(p - 1) • • • (p - fc + 1), 
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that is, Qk(x) is a polynomial of at most degree k with the coefficient (p — l)(p — 2) • • • (p — k) 
of x k and the constant term p(p — 1) • • • (p — k + 1). If x p /(x + 1) € V^ k \0,oo), then 
^k(x p /(x + 1)) > so that Qk(x) > for all x G (0, oo). Therefore, we must have 

(P ~ l)(p - 2) • • • (p - k) > 0, p{p - 1) • • • (p - k + 1) > 0. 

These imply that 

p£{l,2,3,...,fe-l}U[fe, oo) if A; is odd, 

p G (— oo, 0] U {1, 2, 3, . . . , k — 1} U [A;, oo) if k is even. 

On the other hand, if —x p /(x + 1) € V^ k \0, oo), then we must similarly have 

(p - 1)(P - 2) • • • (p - Jfe) < 0, p(p - 1) • • • (p - k + 1) < 0. 

These imply that 

p E (-oo, 0] U {1, 2, 3, . . . , k - 1} if is odd, 
p 6 {1, 2, 3, . . . , k — 1} if k is even. 

Here ±x p /(x + 1) cannot belong to V^ k \0, oo) at the same time. Hence it remains to show 
that x p /(x + 1) does not belong to V^ k \0, oo) if p G (k,oo) and that ±a; p /(x + 1) do not 
belong to <G ^( fc )(0,oo) if p € (— oo, 0). In the case k = 1, these can be shown by appealing to 
the analytic continuation property (as Pick functions) of operator monotone functions. Then 
one can use an induction argument based on a characterization of / € V^ k '(0, oo) in terms of 
a, . . . ,a) given in Theorem 13.31 while the details are omitted. 

Example 6.4. It is well known that (x — l)/loga; is operator monotone on (0,oo). By (|6.ip . 
for each k € N and every ai, . . . , a/c-i € [0, oo), 

(-i) fe - m - x jfl(z - «o| ^ e ^ (fe) (o, oo), m = 0, 1, . . . , k - 1. 

Concerning the functions ±x p (l — x)/ log x on (0, oo) with p € K, we notice that, for each 
A; G N, x p (l — x)/ log x G (0, oo) if and only if 

p G {0,2, . . . , k - 1} if A: is odd, 
p G {1, 3, . . . , k — 1} if A; is even, 

and — x p /logx G T-^^O, oo) if and only if 

p G {1, 3, . . . , k — 2} if A; is odd (empty if k = 1), 
p G {0, 2, . . . , k — 2} if A; is even. 

The proof of these assertions is more or less similar to those of the above examples. We omit 
the details here. 
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Abstract 



The new notion of operator/matrix fc-tone functions is introduced, which is a higher 
order extension of operator/matrix monotone and convex functions. Differential proper- 
ties of matrix fc-tone functions are shown. Characterizations, properties, and examples of 
operator fc-tone functions are presented. In particular, integral representations of opera- 
tor fc-tone functions are given, generalizing familiar representations of operator monotone 

OO ' and convex functions. 
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X ■ Introduction 



A real continuous function / on an interval J of the real line is said to be operator monotone 
if A > B implies f(A) > f(B) for bounded self-adjoint operators A,B with spectra in J on 
an infinite-dimensional (separable) Hilbert space H, and the function / is said to be operator 
convex if /((l - t)A + tB) < (1 - t)f(A) + tf(B) for all such A,B and t € (0, 1), where 
f(A) denotes the usual functional calculus of A. If a real function / satisfies these properties 
whenever A, B are n x n Hermitian matrices with eigenvalues in J, then it is said that / is 
matrix monotone of order n and matrix convex of order n (or n-monotone and n-convex for 
short), respectively. The theory of operator/matrix monotone functions was initiated by the 
celebrated paper of Lowner [23], which was soon followed by Kraus [22] on operator /matrix 
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convex functions. After further developments due to some authors (for instance, Bendat and 
Sherman [6] and Koranyi [21]), in their seminal paper [15] Hansen and Pedersen established 
a modern treatment of operator monotone and convex functions. In [1'6\ \3[ 18] (also [TB]) are 
found comprehensive expositions on the subject matter. 

A remarkable feature of Ldwner's theory is that we have several characterizations of op- 
erator monotone and convex functions from several different points of view. The importance 
of complex analysis in studying operator monotone functions is well understood from their 
characterization in terms of analytic continuation as Pick functions. Integral representations 
for operator monotone and convex functions are essential ingredients of the theory from both 
theoretical and application sides. A typical example is the following representation of an 
operator monotone function / on (—1, 1): 

f(x) = f(0)+[ — —r— dfi(X), (0.1) 

J[-l,l] 1 - *X 

where fi is a unique finite positive measure /ion [— 1, 1] (see |15[ IB] for details). The notion 
of divided differences has played a vital role in the theory from its very beginning. In this 
connection, the operator /matrix- valued differential calculus, as represented by Daleckii and 
Krein's derivative formula [TT], is quite useful as is clearly mentioned in the survey paper 
|12] , Also, differential methods were adopted in [UQ5HT7] ^ or some analysis of matrix convex 
functions. 

The differential calculus of the form 

^ft A + tx t=„ (°- 2 > 

is quite relevant to operator/matrix monotone and convex functions, where A is a self-adjoint 
operator with spectrum in the domain interval (a, b) of / and A is a positive operator. The 
above feth derivative exists for matrices whenever / is C k on (a, b) (see [H] H5J). In the 
infinite-dimensional setting, the existence of the fcth derivative is rather subtle but it exists 
in the operator norm when / is analytic (see |24] for the kth derivative under a weaker 
assumption). It is well known [9] that the operator/matrix monotonicity of / is characterized 
by the positivity of derivative (|0.2p for k = 1, and the operator/matrix convexity is similarly 
characterized by the positivity of (|0.2p for k = 2. Our motivation for the present paper came 
from the naive question of what is a higher order extension of the operator monotonicity 
related to the higher order derivative given in (|0.2p for k > 2. Although the idea seems very 
natural, this kind of higher order extension of Lowner's theory is new while some other types 
of extensions have been discussed (see [2] for instance). 

In Section [1] of the paper we first define, for a real function on (a,b), operator/matrix- 
valued divided differences of / by generalizing the usual divided differences. By using these 
generalized divided differences we introduce, for k, n € N, the notions of operator fc-tone 
functions and matrix A;-tone functions of order n, which are higher order extensions of oper- 
ator/matrix monotone and convex functions. In fact, when k = 1 and k = 2, operator /c-tone 
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functions are operator monotone and convex functions, respectively. The ^-tonicity in the 
numerical sense (i.e., the matrix /c-tonicity of order 1) can be interpreted in the context of 
polynomial interpolation. In the last of Section slightly refined forms of the standard inte- 
gral representations of operator monotone functions on (—1, 1) and on (0, oo) are provided for 
later use. The main theorem of Section [2] gives differentiability properties of matrix /c-tone 
functions of order n; such a function must be of class (7 2n + 2-4 . i n particular, an n-convex 
function is C 2n_2 , extending the classical result of Kraus [22] when n = 2. Section [3] presents 
several characterizations of operator fc-tone functions on (a, b). Some of them are given in 
terms of divided differences of /. In fact, it turns out that / is operator k-tone on (a, b) if 
and only if for any a € (a, b) there exists an operator monotone function g on (a, b) such that 

/(*) = E ^7T^ (* " «)' + ( x " a)*" V*), x G (a, 6), (0.3) 

1=0 

that is, the (k — l)st remainder term of the Taylor series of / at a is given as (x — a) fe_1 
times an operator monotone function. From (j0.3j) we observe that operator /c-tone functions 
have rather simple structure with only additive and multiplicative polynomial factors beyond 
operator monotone functions. Sections 0] contains some further properties of operator /c-tone 
functions on (—1,1). Integral expressions of such a function / are given such as 

/(,) = g aS!> (, - a) . + 1^ {l _[ X x -f! Xa)k «A), x e (-1, 1), 

with a finite positive measure ^, on [0, 1] independent of the choice of a € (—1, 1). In partic- 
ular, this expression is nothing but (jO.ip when k = 1 and a = 0. Similarly, Section [5] gives 
integral characterizations and properties of operator /c-tone functions on (0, oo). Examples of 
operator fc-tone functions on (0, oo) are provided in Section El Furthermore, in the last parts 
of Sections H] and we clarify what are the operator versions of absolutely monotone and 
completely monotone functions on (—1, 1) and on (0, oo). Finally, it is worth noting that the 
operator /c-tonicity condition is weaker and weaker as k is bigger and bigger (see Propositions 
13.91 and 15.21 for precise statements), unlike the usual differentiability property of numerical 
functions. 

1 Definitions and preliminaries 

1.1 Notations 

For each n € N, M n is the n x n matrix algebra, M* a the set of n x n Hermitian matrices, 
and the set of n x n positive semidefinite matrices. Throughout the paper H is a fixed 
infinite-dimensional separable Hilbert space, B(H) is the set of all bounded operators on Ti, 
B(7i) sa the set of self-adjoint operators on 7i, and B{T-L) + the set of positive operators on 
Ti. The symbol / denotes the identity matrix or the identity operator. For an open interval 
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(a, 6) in the real line R, we write M^ a (a,6) and B{7-L) sa (a,b) for the sets of all elements 
of M* a and of B(H) sa , respectively, with spectra in (a,b), which are convex and open (in 
the norm topology) in M* a and B(T-L) sa , respectively. In particular, M* a (0, oo) is the set 
of n x n invertible positive semidefinite matrices. When / is a real function on (a, b) and 
A G U s n a (a, b), f(A) is the usual functional calculus of A by /, and f(A) for A G B{%) sa {a, b) 
is similar when / is continuous. 

1.2 Operator /matrix- valued divided differences 

Let / be a real function on an open interval (a,b), where — oo < a < b < oo. For distinct 
xq,xi,X2, ... in (a, b), the divided differences of / are recursively defined as 

and for k = 2, 3, . . . , 



x - X\ 



f [k] ( \ ._ f [k 1 }{xo 1 xi 2 . . . ,x k -i) - f [k 1] (xi,...,x k -i,x k ) 

J \Xq, X±, . . . , Xk) • — 

x - x k 

For each k € N the fcth divided difference f^ k \xo,xi, . . . ,x k ) can be extended by continuity 
to a continuous function on (a, b) k+1 whenever / is C k on (a, b). See [131 PP- and [18l 
Sect. 2.2] for properties of divided differences. 

To introduce the key notion of operator or matrix fc-tone functions, we need to extend the 
above divided differences to the operator-valued or matrix-valued version. Of course it does 
not make sense to replace the real variables xq, x±, ... in the above with self-adjoint operators 
or matrices. To extend the divided differences to operators, we fix two A, B in B(T-L) sa (a,b) 
or in M s n a (a,b) and distinct i ,ii,t2, • • • in [0,1]. Let X k := (l-t k )A + t k B for k = 0,1,2, ... , 
and define the operator-valued or matrix-valued divided difference of / as follows: 



/N(A,J3;*o,ti) : 

and for k = 2, 3, . . . , 

f^(A,B;t ,t 1: ...,t k ) : 



f(X ) - f(X 1 ) 
to — 1\ 



fi k -V(A, B;t ,t u ..., tfc-i) - fM(A, B;h,..., t k ^,t k ) 

to — t k 



In particular, for a, ft G (a,b) with a < ft and for distinct to,t\,--- G [0,1] let x k := 
(1 — t k )a + t k ft; we then notice that 

(x , xi, • • • , x k )I = _ k f [k] (al, ftl;t ,h,...,t k ), 

from which we can consider (A, B;to,ti, . . . , t k ) as a natural operator or matrix version of 
the usual fcth divided difference. (A further generalization of divided difference for functions 
on vector spaces was recently proposed in [7].) 
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Lemma 1.1. Let A, B and t k , X k for k = 0, 1, . . . be as above. For every k G N, 

k 



fM(A,B;t ,t 1 ,...,t k ) = 1 £ = 

l—n 1 1 



f(Xl) 



1=0 no<j<fcjv«(^ h) 



n < 

Hence, f^- k \A, B; to, ti, . . . , i^) is symmetric in the variables to, t\, . . . , t k . 

Proof. The first equality is easy to prove by induction on k and the second is a simple 
rewriting. □ 



Example 1.2. Let m G N, /(x) = x m , and let ,4,5 be in B{Tl) sa or in 
induction on one can easily verify that 



Using an 



f^(A,B;t Q ,h,...,t k ) 

m 

= F Km _ k {B-A,A)+ 



l=k+l 



l i 1 



r k 



JO.Jl.---.3fc>0 



Fl,m-l(B — A,A), 



J 



for every k G N, where F^ m _i(X,Y) denotes the sum of all products of I X's and m — I Y's 
for X, Y G B(T-L) sa (this is defined to be zero unless < / < m). In particular, 

/H (A, B; to, h, . . . , t m ) = F mfi (B -A,A) = (B- A) m , 
fW(A,B;t ,ti,...,t k ) = for all k > m. 

It is known Theorem 2.1] (also [HI Theorem 2.3.1]) that if / is C k on (a, b), then the 
matrix functional calculus f(A) is k times Frechet differentiable at every A G M* a (a, b) and 



the kth Frechet derivative D k f(A), a multi-linear map from (I 
in A. Consequently, the kth derivative 



nsa\k : 



into 



l , is continuous 



t=o 



D k f(A)(X,.^,X) 

k 



exists for every A G M* a (a, 6) and X G M^ a and is continuous in A and X. For infinite- 
dimensional Hilbert space operators, it was shown in [11] that t \— > f(A + tX) is differentiable 
and expressed as a double operator integral under the C 2 assumption of /, and later Birman 
and Solomyak developed the general theory of double operator integrals (its concise account is 
found in pj?]). However, the situation in the infinite-dimensional case is rather subtle; indeed 
the C 1 assumption of / is not sufficient for the differentiability of f{A + tX) as mentioned in 
|24j . Taking this into account, we restrict ourselves to the matrix- valued case for the following 
continuous extendability property of f^(A, B; to, t\, . . . , t n ). 
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Proposition 1.3. Assume that f is C k on (a,b). Then for every n € N and every A,B £ 
M^ a (a, b), f^ k \A,B;to,t\, . . . ,tk) for distinct to,ti, . . . ,tk G [0,1] can be extended by con- 
tinuity to a function on the whole [0, l] fc+1 so that f^(A, B; to, t\, . . . , tk) is continuous in 
(A,B;t Q ,t 1 ,...,tk) G (M-(a,6)) 2 x [0,1]* +1 . 

Proof Let A,B e M s r ?(a,b) and choose a 5 > so that (1 - t)A + tB € M s n a (a,b) for all 
i € (—5, 1 + 5). For any state u on M n define 

:= w(/((l - t)A + tB)), t G (-5, 1 + 5). 

For any distinct to, ti, . . . ,t k in [0, 1] it is obvious by definition that 

( f>W(to,t 1 ,...,t k )=uj{fW(A,B-,to,t 1 ,...,t k )). (1.1) 

From the C fc assumption of /, the matrix-valued function 1 1— > f{{\—t)A-\-tB) is C k on (—5, 1+ 
5) as remarked before the proposition. Hence (f) u is C k on (—5, 1 + 5) so that <^>jj'(io, t\, . . . , t k ) 
can extend to a continuous function on (—5, 1 + 5) k+1 . Since this is the case for every state oj, 
we see that f^(A, B; to, t\, . . . , tk) extends to a continuous function on [0, l] fc+1 . Furthermore, 
the stronger continuity of in the whole variables (A, B; to, t\, . . . , tk) can be shown in a 
way similar to the proof of [181 Lemma 2.2.4] by using the continuity of 4^ /((l — t)A + tB), 
< I < k, in (A, B, t). We omit the details for this. □ 

1.3 Definition of operator/matrix fc-tone functions 

Definition 1.4. Let k G N and / be a real continuous function on (a,b). We say that 
/ is operator k-tone on (a, b) if, for every A, B € B(H) sa (a,b) with A < B and for any 
= to < t\ < • • • < tk = 1, we have 

f [k] (A,B;to,h,...,t k )>0, (1.2) 

or equivalently, due to Lemma [L~H 

k 

x>i) fe - z n (*,• -**)/(*«)> o, (i.3) 

Z=0 0<i<7<* 

where X/ := (1 — ti)A + t[B, < I < k. Moreover, for each n G N, if a real (not necessarily 
continuous) function / on (a, b) satisfies (jl.2p . or equivalently (|1.3p . for every A, B € M* a (a, 6) 
with A < S and for any to, t±, . . . , t k as above, then we say that / is matrix k-tone of order n 
on (a, b). A matrix fc-tone function of order 1 (i.e., a fc-tone function in the numerical sense) 
is said to be k-tone for short. 

When k = 1, inequality (jl.3p is nothing but —f(A) + f(B) > so that / is operator 
1-tone on (a, b) if and only if it is operator monotone on (a, b). When k = 2, (|1.3p is 

(1 - h)f(A) - /((l - t x )A + tiB) + hf(B) > 0, < h < 1. 
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Hence / is matrix 2-tone of order n on (a, b) if and only if / is conditionally ra-convex there 
(the conditional matrix convexity here means the matrix convexity under condition A < B). 
Note [22] (also |18l Theorem 2.4.4]) that the conditional n-convexity of is equivalent to the 
usual n-convexity. Thus, Definition 11.41 may be considered as a natural higher order extension 
of operator/matrix monotone or convex functions. 

By Example 11.21 note that any polynomial function Y^d=o a k xk °f rea l coefficients with 
a k > is operator fc-tone on the whole K. 

Lemma 1.5. Let k,n G N. A real function f on (a,b) is matrix k-tone of order n if and 
only if f satisfies (|1.2p for every A,B£ M* a (a, b) and for any distinct to, t±, . . . , tf. G [0, 1]. 
The same is true for the operator k-tonicity of a real continuous function f. 

Proof. The "if part is obvious. To prove the "only if part, assume that / is matrix k-tone 
of order n. Let A,B€ M* a (a, b) with A < B, and let t , h, . . . , t k be distinct in [0, 1]. Thanks 
to Lemma 1 1.11 we may assume that < to < ti < ■ ■ ■ < t& < 1. Set A := (1 — t$)A + toB, 
B := (1 - t k )A + t k B, and s, := (i» - t Q )/(t k - to) for < i < k. Since A,B G M s n a (a, b) with 
A < B and (1 - Si)A + SiB = (1 - U)A + UB, we have 

/W (A, B;t ,t u ..., t k ) = /W (I, B; s , Sl , . . . , s fc ) > 0. 

The case of operator fc-tonicity is similar. □ 

Proposition 1.6. Let k G N and f be a real continuous function on (a, b). Then f is operator 
k-tone if and only if it is matrix k-tone of every order n. 

Proof. The "only if" part is obvious. We will use a very basic fact on operators. Choose an 
orthonormal basis {e n }^ =1 of %. For each n G N, let % n be the linear span of e±, . . . , e n and 
P n the orthogonal projection from % onto H n . Then for any X G B(l~L) sa (a,b), P n XP n \u n 
can be seen as a matrix in M^ a (a, b). If / is a continuous function on (a,b), we have the 
strong convergence P n f(P n XP n )P n — > f(X) as n — > oo. This is clear for polynomials, and 
the general case follows by approximation. 

Assume that / is matrix /c-tone of every order n. For each A, B G B(l~L) sa (a,b) with 
A < B, set A n := P n AP n \ Hn and B n := P n BP n \ Hn ; then A n < B n as elements of M s n a (a,b). 
If = to < t% < ■ ■ ■ < t k = 1, then the assumption implies that 

fW(A n ,B n ;t ,t 1 ,...,tk) >0. 

Since P n /[ fe l(.A n ,.B n ;io, ■ ■ ■ ,tk)Pn converges strongly to f^ k \A,B,to, ... ,t k ) due to Lemma 
EH we have /W(A,B;t ,...,i fc ) > 0. □ 

1.4 Relation between ^-tonicity and polynomial interpolation 

In this subsection we give the interpretation of /c-tonicity (in the numerical sense) in the 
context of polynomial interpolation, which may be useful to understand the meaning of ke- 
tone functions. First, recall the Lagrange interpolation polynomial. Given k distinct real 
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numbers xi,...,x k and k real numbers yi,...,yk, there exists a unique polynomial P of 
degree less than or equal to k — 1 such that P{xj) = yj for j = 1, . . . ,k, which can be 
explicitly written as 

k XX- 



(=1 ±<j<k,j^i Xl X i 

Let / be a real function on (a, b) and a < x\ < X2 < • • • < x k < b; then there exists 
a unique polynomial Pf(x; x±, . . . , Xk) of degree less than or equal to k — 1 that takes the 
same values as / at the k points Xi, . . . ,x k . We will call this polynomial the polynomial 
approximation of / of degree k determined by xi, . . . ,x k . This is the Lagrange polynomial 
with yj = f(xj) for j = 1, . . . , k, so we have 

k 

Pf(x;x 1 ,...,x k ) = ^2f(xi) Y\ — 
Hence we can write the difference between / and its polynomial approximation Pf as 

k 

f(x) - P f (x; xi, ... , x k ) = f(x) - ^2 f( x i) 



i=i i<j<k,j& 

k nk 



X[ Xj 



Hj=ii x x j) 
fri l x i - x ) U.i<j<k,rtA x i - x i) 



k 

= / [fcl (x,aii,.. . ,x k ) J]_( x ~ x j) 

3=1 

for all distinct x, x±, . . . , x n in (a, b) (see [131 P- 2]). 
We thus have shown 

Proposition 1.7. Let f be a real function on (a,b). For any a < x\ < ■■■ < x n < b let 
Pf(x; xi,... , Xk) be the polynomial approximation of f of degree k determined by xi, . . . , x k - 
Then for every x £ (a, b) \ {xi, . . . , x k }, 

k 

f(x) - P f (x;xi, ...,x k ) = / [fcl (x,xi ...,x k ) - xj). 

3=1 

If f is k-tone, then 

(-l)*-K*){f( x )-P f { x - Xu ..., Xk ))>Q (1.4) 
for all x € (a, b) \ {xi, . . . , x k }, where 

if x < xi, 

j(x) := < i if Xi < x < Xi + i for some i E {1, . . . , k — 1}, 
k if x k < x. 

Conversely, if (jl.4p holds for any a < xi < x% < ■ ■ ■ < x k < b and all x € (a, b)\{xi, . . . , x k }, 
then f is k-tone. 
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The above argument is also valid for the interpretation of operator /matrix fc-tonicity. Let 
/ be a real continuous function on (a, 6), A, B S B{T-L) sa (a,b) with A < B, and < t\ < 
t 2 < ■ ■ - < tk < 1. One can define the operator- valued Lagrange polynomial approximation 
of /((l - t)A + tB), < t < 1, by 



p/^ti,...,^)-^/^,) n o<t<i, 

(=1 i<j<k,j^i ! J 



where := (1 — i/)^4 + t/i?. Then the operator fe-tonicity of / means that 

(_!)*-/(*) (/((I _ + tB ) - Pf (t;ti,..., t k )) > 
for all i £ [0, 1] \ {t\, . . . , t^} with as in Proposition 11.71 

1.5 Integral representations of operator monotone functions 

In this subsection we show integral representations of operator monotone functions on (—1, 1) 
and on (0, oo), which will be useful in our later discussions. Although such integral represen- 
tations are well known as described in (8J Sect. V.4] (also [I8j Sect. 2.7]), our representations 
below are slight modifications of the standard ones, including a new insight on certain univer- 
sality of the representing measure. The representations will indeed be extended to operator 
fc-tone functions in Theorems 14. 1 1 and 15.11 



Theorem 1.8. Let f be an operator monotone function on (—1,1). Then there exists a 
unique finite positive measure [i on [—1, 1] such that, for any choice of a € (—1, 1), 

f(x) = f{a) + / f"" dfi(X), x e (-1, 1). (1.5) 

J[-i,i] I 1 - *«0(1 - Aa) 

Proof. For each fixed a € (—1,1) consider the transformation (p a from [—1,1] onto itself 
defined by 

Va(t):=——, t€ [-1,1], 
1 + at 

which is an operator monotone function with (f a (0) = a. Apply [5] V.4. 5] to obtain a unique 
finite positive measure m a on [—1,1] such that 

(f°V a )(t) = /(<*)+ ( —^-dma(K), te(-l,l). (1.6) 

J [-1,1] 1-Kt 



Therefore, 



f(x) = (fo(p a ) 



x — a 
1 — ax 



/(«)+ / 7T- t — j—. — ^dm a {K) 

J [-1,1] (1 + aK ) — (« + "J^ 

/x — ex. 
1 • dm a (K). 
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Define a finite positive measure fi a on [—1,1] by 



dn a (X) := — - dm a (tp a 1 (X)). 

1 + a<p a (A) 



We then have 



f(x) = f(a) + / X " d Ma (A), x G (-1, 1), (1.7) 

J[-i,l] (1 - Ax)(l - Aa) 

which is representation (jl.5p while n = /i a is depending on a G (—1,1) at the moment. 
Moreover, since expression (|1.7|) can conversely be converted into (|1.6|) . it is seen that a 
representing measure fi a in (|1.7p is unique. 

Now, we prove that \x a is independent of the parameter a G (— 1, 1). To do so, notice by 
a direct computation that 

x — a j3 — a x — j3 



(1-Ax)(1-Aq) (1-Aq)(1 - A/3) (1 - Ax)(l - A/3) 
for any a,/3 G (— 1, 1). Inserting this into (jl.7p we have 

f(x) = /(a) + / f"" cWA) + / g ~f cMA). 

(1 - Aa)(l - A/3) (1 - Ax)(l - A/3) 



Letting x = j3 gives 



[-1,1] i 1 ~ Xa )\ l ~ X P) 



and /i a = /i/j follows from the uniqueness of \x$ representing / in (jl.7p with j3 in place of a, 
so the theorem has been proved. □ 

Note that from (jl.5p we have 

f'( a )= [ n i w W, «6(-l,l). 

In particular, /i([— 1, 1]) = /'(0). 

The theorem has the following corollary, which will play an essential role to prove the 
main theorem of Section [3l 

Corollary 1.9. Let f be an operator monotone function on ( — 1, 1) with the representing 
measure f/, as in Theorem \1.8[ For every a G (—1, 1) and every m, k G N with m > k, 

( i \k— i_p\M/ \ f ^ m fc (l — Aa) fe 1 . . 

[fx -a) f) {x 1 ,x 2 ,...,x m+ i) = — r rd/lA 

f[-i,i] (1 - Axi)(l - Xx 2 ) ■ ■ ■ (1 - Xx m+1 ) 

for all xi,X2, • • • , x m+ \ G (—1, 1), where \ m ~ k = 1 on [—1, 1] if m = k. 
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Proof. We start by computing 



(x - a) k V 1 ' s (xi - a) fc (l - Ax 2 ) - (x 2 - a) fc (l - Axi) 

(xi,x 2 ) ~ 



(1 - Ax)(l - Xa) k J v ; (x x -x 2 )(l - Axi)(l - Ax 2 )(l - \a) k ' 
and the numerator of the above right-hand side is 

_L{(i _ Xa ) - (1 - Axi)} fc (l - Ax 2 ) - ^{(1 - Aa) - (1 - Ax 2 )} fc (l - Axi) 



k 

i E (fj WO- - Aa ) fc "'( 1 - W(i ~ Aa *) 

1=0 ^ ' 

k 

2=0 ^ ' 



1 y(1 - Aa) fc (xi - x 2 ) 



k 



HF E (/) " Aa ) fe ^(! " A ^)(! " A ^){(1 " Ax!)'" 1 - (1 - Ax,)'- 1 }- 

1=2 ^ ' 



A fc 

Therefore, 

(x - a) k N [1] 
(1 - Ax)(l - Aa) fc 



(xi,x 2 ) 



1 1 1 Y^f k \ (1-Axi) / - 1 -(1-Ax 2 )'~ 1 



A^^ 1 (1 - Axi)(l - Ax 2 ) A fcZ ^ (1-Aa)' xi - x 2 



so that 



(x - a) k \ [m] 

(xi,x 2 , . . . ,x m+ i) 



(1-Ax)(l-Aa) fc 



-(— 

X k V 1 - Ax 



(xi,x 2 , . . . ,x m+ i) 



? E (") (T^y (d - Ax)'" 1 ) [m] (x l5 x 2 , . . , x m+1 ) 



A fc 

1=2 

= ^(r=y (-i^ 2 ,...,x m+1 ) 

\ m— A; 

(1 - Axi)(l - Ax 2 ) •••(!- Ax m+ i) 

for all xi, x 2 , . . . , Xfc+i G (—1, 1). Hence integrating against the measure (1 — Xa) k ~ l d/u, gives 
the result as we can take the feth divided difference inside the integral in (|1.5p . □ 
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Theorem 1.10. Let f be an operator monotone function on (0, oo). Then there exists a 
unique 7 > and a unique positive measure fi on [0, 00) such that 



JfO.oo) (1 + A) 2 



'[0,00) (1 + A) 
and, for any choice of a G (0, 00), 

f(x) = /(a) + 7 (x - a) + / - * ~ " d M (A), x G (0, 00). (1.8) 

7(0,00) ( x + A)(a + A) 

Proof For each a € (0, 00) consider the transformation from [—1,1) onto [0, 00) denned 
by 

M t) : =^±±A, te[-i,i), 

which is operator monotone on [—1, 1) with ip a (0) = a. Hence, representing / o tp a as in 
(II, 6D. we have 



f(x) = (fo^ a ) 



x — a 



x + a 



/X — OL 
7i ^ — 1 — 77~; — V 
^^i] (1 - k)x + a[l + K) 

. m Q ({l}) . . f x — a 1 , . . 
/(«) + o (x-a)+ - n — v • dm a {n) 



2a y[-i,i] x + 5^±fSi 1-k 

with a unique finite positive measure m a on [—1,1]. Define 7 Q > and a positive measure 
fi a on [0, 00) by 

la-= — 5 , dfj, a (\):=- —j— dm a [ip a (A)). 

2a 1 - V'a (A) 



We then have 



/ /1 _l U2 d Ma(A) < +00 
7[0,oo) (1 + A) 2 



f(x) = f(a)+~f a (x-a)+ ^ " dMa(A), sc€(0,oo). (1.9) 

■/[o,oo) + A)(a + A) 



and 



Moreover, as in the proof of Theorem 11.81 it is seen that 7 a > and a measure \i a in ()1.9p 
are unique. It remains to prove that 7^ and fi a are independent of a 6 (0, 00). This can be 
done by inserting 

x — a /3 — a a + A x — f3 
x + A ~~ /? + A + /3 + A ' x + A 
into (ll.9p as in the previous proof, so we omit the details. □ 



From (|1.8j) we have 



/'(a) =7+ / ? — -— 2^(A), a € (0,oo), 
7[o,oo) (« + A) 2 



and hence 7 = lim Q; _;. 00 /'(a) 
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2 Differentiability properties of matrix /c-tone functions 



It is well known [23|, [13] that if / is n-monotone (or matrix 1-tone in our terminology) on 
(a, b), then it is C 2n ~ 3 on (a, b) and j( 2n_3 ) i§ convex there. Also, a primary result of |22j 
is that if / is conditionally 2-convex (or matrix 2-tone), then it is C 2 there. The main aim 
of this section is to prove the next theorem extending the above results to matrix /c-tone 
functions of order n for general k and n. In particular, when k = 2, the theorem shows 
differentiability results for n-convex functions. It seems that assertion (a) is new even in this 
particular case where k = 2 and n > 2. Results in [231 E2] say that when k = 1 and k = 2 
property (c) is not only necessary but also sufficient for / to be matrix /c-tone of order n. 
Also, see [HI [HJ [IT] for property (d) when k = 1, 2. 

Theorem 2.1. Let k,n E N and assume that a real function f on (a, b) is matrix k-tone of 
order n. Then the following properties (a) -(d) hold: 



(a) f is C 



2n+fc-4 



on (a, b) if k > 2 or n > 2. 



(b) The following functions are convex on (a,b): 



'/', / (3) , • • • , /( 2n ~ 3 ) ifk = 1 and n > 2, 

f(k-2)j(k)^ _ ^ f{2n+k-A) ifk>2andn>l. 



(c) The matrix 



f^ ^ ■Ej j -El j • • • > 2<1 ) 



fc-1 



is positive semidefinite for any choice of x\, . . . , x n from (a, 6) if n >2. 
(d) T/ie matrix 



(i + j + A;)! 



n-l 



M=0 



exists and is positive semidefinite for almost every x € (a,b). 

To prove the theorem we start with 

Lemma 2.2. Let f be a C k function on (a, b) satisfying the assumption of Theorem \2.1[ 
Then 

d k 



:f(A + tX) 



dt k 

for every A E M^ a (a, b) and every X € M+. 



t=o 



> 



Proof. Let A E M^ a (a, b) and X E M+. We may assume that A + X E M™(a,6); then a 
8 > is chosen so that A + tX £ M* a (a, 6) for all t E (-5, 1). For any state ui on M n define 



<l> u (t):=u{f{A + tX)), t€(-6,l), 
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which is C k on (—5, 1) due to the C k assumption on /. When = to < ti < ■ ■ ■ < t k < 1, we 
have as (jl.ip . 

4$ (to, h,...,t k )= u;(/[ fe l (A, A + X; t Q , t x , . . . , t k )) > 
by Lemma 11.51 Letting ti \ for 1 < Z < gives 

0<« l (0,0,...,0) = I#(0) = iu,(^/(^ + «,|J 

by |13l p. 6] (also [181 Lemma 2.2.4]). The conclusion follows since the state u is arbitrary. □ 

We next prove properties (c) and (d) of the theorem under the additional assumption of 
/ being C°°. 



Lemma 2.3. Let f be a C°° function on (a, b) satisfying the assumption of Theorem \2.1\ 
Then (c) holds including the case n = 1 in this case and (d) holds for every x € (a, b) in this 
case. 

Proof, (c) For every x±,...,x n € (a, b) let A := Diag(xi, . . . , x n ), the diagonal matrix with 
diagonal entries xi, . . . ,x n . According to Daleckii and Krein's derivative formula in the 
matrix case (see |18| Theorem 2.3.1]), for every X € M* a we have 



t=o 



^ ^ /c!/^ 1 (s^j) x ri , . . . , x rk _ 1 , Xj*)Xi ri X riT2 • • • X rk _ 1 j 
ri,...,rjt_i=l 



For any . . . ,£ n e C let X := [£i&]". =1 € M+. Lemma O then implies that 



ri,...,r fc _ 1 =l 

and hence, for any Ci> • • • > Cn € 



i x r fe _! ) ^j)^ilCri | ■ ,, |£r fc _i| £7 



> 



»>J=1 ri,...,r fc _i=l 

By replacing with Ci/Ci under the assumption that £i 7^ for all i, we have 

n n 

*j'=l n,— ,»"fc— 1=1 
Now let £1 = 1 and £ r — > for r 7^ 1 to obtain 



E / W (x t , ^i,. . .^i , %j)d(j > 0. 



fc-1 



(d) For any fixed x E (a, 6) define a C°° function 5 on (a, b) by 
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It is plain to notice that 

9(f) = " E f -HT {t ~ x) \ te M) ' (2 ' 1} 

where g(t) = f(t) for k = 1. Set 5 := min{x — a,b — x}/n. For every /i 6 (0, <5) we then have 

G /t := [/! (x + i/i, x + jh)] £ = [/W (x + ih, x + jft, x, . . . , x)] ^ > 
thanks to (c) proved above. By Taylor's theorem we expand g^(x + ih,x + jh) as 

2n-2 (m+1) / \ -m+1 _ -m+1 

5 W (x + l h,x + jh) = £ 9 — • , J *™ + (^" 2 ) 

(m + 1) z — ? 

m=0 v ' J 

with convention (i m+1 — j m+l )/(i — j) = m + 1 if i = j. Therefore, 

2n— 2 / \ / m \ 



where itj := (0 l , l l ,...,(n- I) 1 ) € C n and itj ® := [^.f 71- *]"^ for < / < m < 2ra - 2 
(with 0° := 1). For every £o ; • • • j Cn-i £ C, since Uq, . . . , ii n _i are linearly independent, there 
exists a»eC™ such that = Qh~ l for Z = 0, . . . ,n — 1. Since (u;, = 0(/i~( n-1 ') if 

I > n, one can easily verify that 



®u m -.i)v)h m = (ui,v)(u m -i,v)h m = 0(h) 
if £ > n or m — I > n. Therefore, 

2n ~ 2 Jm+l)( r \ ( \ 

0<(v,G h v)= Et^t W\ S OCm-i +OW 

m=0 ^ \0<Kn-l,0<m-Z<n-l / 

n-1 



and letting /i \ yields that [<?( l+ - J+1 )(x)/(i + i + 1)!]"._ > 0. It immediately follows from 
(f2~T|) that 

^)(x) = ^M / = 1 
and we have the conclusion. □ 

Lemma 2.4. Let k 6 N luzf/i k >2 and assume that f is k-tone on (a,b). Then f is C k ~ 2 
and /( fc-2 ) is convex on (a,b). That is, (a) and (b) of Theorem \2. 1\ hold when n = 1. 

Proof. The proof is by induction on A;. The case k = 2 is obvious since 2-tonicity means 
convexity. Assume that / is (k + l)-tone on (a, b). For any c £ (a, 6), since /^(x, c) is £;-tone 
on (a, c), it follows from induction hypothesis that f^(x, c) is C k ~ 2 on (a, c). Hence / is C fc_2 
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on (a, b). If xi, . . . , Xk+i,yi, ■ ■ ■ , Vk+i are distinct in (a, b) and X{ < yi for alH = 1, . . . , k + 1, 
then the (fc + l)-tonicity of / implies that /^(xi, . . . , Xk+l) — / (z/l> • • • >2/fc+i)- For any 
a' < 6' in (a, b) choose a\ < ■ ■ ■ < a^+i in (a, a') and ft < ■ ■ ■ < Pk+i m ip' ■> b)- The above 
inequality then implies that 

/W(ai, . . . , a fc+1 ) < . . . ,x fc+ i) < /M(ft, • • • , ft+i) 

for every distinct xi, . . . ,Xk+i G (a',b'). Hence there exists a K > (depending on a',b') 
such that |/' fc '(xi, . . . , xjfc+i)! < K for all distinct xi, . . . , x^+i G (a', 6'). This in turn implies 
that if xi, . . . , Xk, yi, . . . ,yk are distinct in (a, (3), then 

k 

\f^( Xl , ...,x k )- f^(y u ...,y k )\<Kj2\xi-Vi\- (2-2) 

i=X 

For every a, /3,x,y G (a', 6') such that i/a and y ^ (3, let xi — >■ x, y± — > y, X2, . . . , Xf~ — > a, 
and yi, . . . , y k — > P in (|2.2p to obtain 



|/[ fe -^(x, a, . . . , a) - / [fc - 1] (y, ft • • • , /?)| < tf{|x - y| + (k - l)|a - ft}, (2.3) 
where f^ k ~ l \x, a, . . . , a) is well defined as 



/i*- 1 ] (x, «,...,«) = J/(x) - g ^) (x _ a y 

1=0 



(x — a)* 

due to the C fc_2 of /. By f|2.3j) with /3 = a we have the limit 

0(a) := lim / [fe ~ 1] (x, a, . . . , a), a G (a',b'). 

For every a, /3 G (a',b'), letting x — > a and y — > /3 in f|2.3j) . we have |0(a) — < iffc|a — /3| 
so that is continuous on (a',b'). Furthermore, by (|2.3p we have 

|/^ _1 l(x, a, . . . , a) — 0(a) I < K\x — a|, x, a G (a', 6'), i/a. 

Letting r(x, a) := f^ k ~ l \x, a, . . . , a) — 0(a) with r(a, a) = we write 

f( x ) = ^l!!^( x - a y + e( a )(x-a) k - 1 + r(x,a)(x-a) k -\ x,ae{a',b'). (2.4) 



1=0 



Since f^\a) for < I < k — 2 and 9(a) are continuous in a G (a', 6') and \r{x, a)\ < K\x — a\ 
for x, a G (a',b'), expression (|2.4p shows [U pp. 6-9] (also [181 Lemma A. 1.1]) that / is C k ~ 1 
on (a',b') with /^"^(a) = (fc - l)!0(a). The C^ 1 of / on (a, 6) follows since a',b' are 
arbitrary. 

To complete the induction procedure, it remains to prove that /C*" 1 ) is convex on (a, b). 
To do so, we adopt a standard regularization technique (see [13], pp. 11-13] for example). Let 
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cj)(t) be a non-negative C°° function on K supported in [—1, 1] such that j cft(s) ds = 1. For 
every e > sufficiently small define 



f E (x):=^J (j)^—-^jf(s)ds = J 4>(s)f(x-£s)ds, x£(a + e,b-e), 

which is a C°° function on (a + e, 6 — e). For every distinct x%, . . . , x k+2 in (a + e, b — e) one 
can easily see that 

f\ k+l \ Xl , . . .,x k+2 ) = J tt>{s)fV*\x x -es,.. .,x k+2 - es) ds > 0. 

Hence fe k+1 \x) > for all x G (a + s, b — e) so that ^ is convex on (a + e,b — e). Since 
/ is C^" 1 on (a, 6) as already proved, f £ k ^(z) — » f^ k ~ l \x) as e \ for all x 6 (a, 6) and 
the convexity of follows. □ 

Lemma 2.5. Xei {/ m } 6e a sequence of C 1 functions on [a, 6] such that the finite limits 
linim^oo fm(a) and hnim^oo f m (b) exist. Assume that f' m is convex on [a, b] for every m and 
there exists a K > such that f' m (x) < K for all x 6 [a, b] and all m. Then {f' n } is uniformly 
bounded on [a,b] and hence {f m } is uniformly equicontinuous on [a,b]. 

Proof. We can assume that K = 0. Since f < is convex on [a, b], we have 

fm(b) - fm(a) = J f' m {t) dt < f' m {x) 

for all x G [a,b]. Hence {/„} is also uniformly bounded below on [a, b], and so {f m } is 
uniformly equicontinuous there. □ 

We are now in a position to complete the proof of the theorem. 

Proof of Theorem \2.1\ The theorem when k = 1 and n > 2 is Lowner's result [13|. p. 76], so 
we may assume that k > 2. Let us prove (a) and (b) for all k > 2 by induction on n. The 
initial case n = 1 is Lemma 12.41 Let n € N and assume that / is matrix fe-tone of order n + 1 
on (a,b). Since / is matrix A;-tone of order n, it follows from induction hypothesis that / is 
(j2n+k-A an j y(fc-2) ) jfc^ ^ j(2n+fe-4) are convex on (a, 6). Define regularizations / e of / for 

small e > as in the last part of the proof of Lemma [2.41 For every A, B £ M^j_ 1 (a + e, 6 — e) 
with A < B one can easily see that if = Aq < Ai < • • • < A^ = 1 then 



jf (A,B;X ,..., A fe ) = j 1 (A - £S J, 5 - £ S P, 



X ,...,X k )ds > 0. 



This means that f e is matrix /c-tone of order n + 1 on (a + e, 6 — e). So one can apply Lemma 
12.31 (d) to f £ with n + 1 in place of n to see that f £ 2n+k \x) > for all x E (a + e, 6 — e) and 
hence /J 2n+fc 2 ^ is convex on (a + e, 6 — e). Since f( 2n + k ~ 4 ) [ s convex on (a, b) as already 
mentioned, j( 2n + fc - 3 )(3;) exists and hence /j 2n+fc 3 ^(x) — > y( 2n + fc ~ 3 )(x) as e \ for all 
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x G (a, 6) except at most countable points. Choose a' < b' in (a, b), arbitrarily near a,b 
respectively, at which /( 2n + fc - 4 ) i s differ entiable. Since {/ E (2n+fe ~ 4) } (for e > sufficiently 
samll) is uniformly bounded above on [a 1 , b'], we see by Lemma E3] that |/ £ ( 2n+fc 3 )} (for 
small e > 0) is uniformly equicontinuous on [a', b'\. Hence there exists a continuous function 
tp on [a',b'] such that f( 2n+k 3 \x) —} <p(x) uniformly on [a', b']. Note that f( 2n+k 4 \x) — > 
j(2n+fc-4)( x ) for all x € Hence j(2n+fc-4) ig differentiable with /( 2n + fc - 3 )(a;) = <p(x) on 

(a', 6'), and therefore, / is (7 2n + fc - 3 on (a, b). 

Since y( 2n + fe ~ 4 ) i s convex on (a,b), f( 2n + k - 3 ) [ s non-decreasing on (a, b) and so differen- 
tiable almost everywhere on (a, b) by Lebesgue's theorem. Let D be the set of x G (a, 6) at 
which /(2"+*-3) is differentiable. Note that /j 2n+fc ~ 3) (x) -> /( 2n+fc " 3 )(x) as e \ for all x G 
(a, 6) and /J 2n+fc ~ 2) (x) -> /(an+fe- 2 )^ for all x e p choose «i < a 2 < a' < b' < ft < ft 
from D. Since yj 2n+fc 2 ) i s convex on (a + e, 6 — e), we have 

,{2n+k-2) t s A2n+k~2) ( s. A2n+k-2) , a \ f (2n+k-2), a x 

fe '{ai)-fe y (a 2 ) f (2n+fc-l) f n < /e ' ~ fe (&) 

ai - a 2 " je 1 J " ft - ft 

for all a; G [a', 6'], which implies that |yj 2n+fc 2 )j j s uniformly equicontinuous on [a', b']. 
Hence there exists a continuous function ip on [a 1 , b'] such that f( 2n+k 2 \x) — > t/>(a;) uniformly 
on [a', 6']. This shows that /( 2 «+ fc ~3) i s differentiable with /( 2n+fc ~ 2 )(x) = ij(x) on (a',6')- 
Therefore, / is C 2n+k ~ 2 on (a, 6). Moreover, f{ 2n + k ~ 2 ) [ s convex on (a, 6) since f^ 2n+k 2 \x) — > 
f 2n+k ~ 2 \x) for all x G (a, b). 

Next, we prove (c) and (d). Let / be matrix fe-tone of order n on (a, b) and / e be the 
regularization of / as above. Then by Lemma 12. 3 [ (c) and (d) hold for f e on (a+e, 6— e). When 
n > 2, since fe < 2n + fe — 4, / is C k on (a, 6) by assertion (a), so (c) for / follows by taking 
the limit of (c) for f £ . Since /( 2n + fc - 4 ) j s convex on (a, b), the same argument as above shows 
that /( 2n+fe - 2 )(2;) exists for almost every x G (a, b) and that /j 2n+fc ~ 3) (x) -> /( 2n+fc " 3 )(x) 
and f( 2n+k 2 \x) — > f( 2n + k - 2 )( x ) for almost every x G (a, 6). Hence (d) for / follows as the 
almost everywhere limit of (d) for f e . □ 

As immediately seen from |13l p. 6], a real C k function on (a, b) is fc-tone if and only if 
f( k) (x) > for all x G (a, b). This can be extended to the case of matrix order n as follows: 

Proposition 2.6. Let fe, n G N with n > 2 and f be a real function on (a, 6). T/ien i/ie 
following conditions are equivalent: 

(i) / is matrix k-tone of order n on (a, 6); 

(ii) / is C k on (a, b) and 



> 

i=0 



/or every A G M^ a (a, 6) and every X G 
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(iii) / is C on (a, b) and 

fe-i 

f{A + X)>Y, Tl D l f{A){X,...,X) 
1=0 ■ ^ } 

for every A G M* a (a, b) and every IeM+ swc/i tkf A + I G M™(a,6), whereD l f(A) 
is the Ith Frechet derivative of A i-» /(vl) on M^ a (a,6). 

Proof, (i) =>■ (ii). Since n > 2, assertion (i) implies the C fc of / due to Theorem 12.11 (a). and 
hence the implication was already proved in Lemma l2.2l 

(ii) => (i). Let A,B G M* a (a, b). As in the proof of Proposition 11.31 choose a 5 > and 
define 0^ for any state to on M n . For any = to < t\ < ■ ■ ■ < = 1, there exists a £ G [0, 1] 
such that 

€ (h, h, . . . , 4) = i # (0 = i a, /(A + t(B - A))[J , 

which is non- negative due to assumption (ii). Hence by (jl.ip . 



cu(fW(A,B;t (h t 1 ,...,t k ))>0 

for all states to, so (i) follows. 

(ii) => (iii). Let yl, X be as stated in (hi); there is a 5 > such that A + tX G M* a (a, 6) for 
all i G (-5, 1 + 5). For any state to on M„ define := + iX)) for t G (-<5, 1 + 5). 

By Taylor's theorem there exists a 9 G (0, 1) such that 

fc " 1 <f(0) ^ 



(=0 

Notice that 

<P«H0)=to(^f(A + tX) 



io{D L f{A){X,...,X)), 0<l<k-l, 



and 



= /(^ + = /<M + ex) + « 

due to (ii). Hence 

fc-l V 

/(^ + X)-^-d%4)(X,...,X)) >0 

7— n ' / 



> o 

t=o . 



k-l 

■Af{A + X)- 

1=0 

for all states to, so (iii) follows. 

(iii) => (ii). Let A, X be as in (ii); we may assume that A + X G M* a (a, 6). For each 
t G (0, 1), as in (|2.5p there exists & 9 t £ (0, 1) such that 

i u;(£» fc /(^ + 6MX)(X, . . . , X)) = w ^f(A + tX)-J2^ D l {A)(tX, tX)^ > 0. 

Since D k f(B) is continuous in B G Mff (a, b), letting t\0we have w(D fc /(^)(X, . . . , X)) > 
for all states u. Hence ^ /(A + tX)\ t=Q = D k f(A)(X, . . . , X) > 0. □ 
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We say that a real function / on (a, b) is equi-partitioned matrix fc-tone of order n if (|1.2D 
holds for every A, B € B("H) sa (a,b) with A < B and for equi-partitioned points tj = 
< i < k. The definition of equi-partitioned operator A;-tonicity for a real continuous 
function is similar. When k = 2, this is the operator version of the mid-point convexity in 
the numerical case (n = 1). The next proposition extends the familiar fact that mid-point 
convex and continuous functions are convex. 

Proposition 2.7. Let k,n € N and f be a real continuous function on (a,b). If f is equi- 
partitioned matrix k-tone of order n {resp., equi-partitioned operator k-tone) on (a,b), then 
it is matrix k-tone of order n (resp., operator k-tone) on (a, 6). 

Proof. Assume that / is equi-partitioned matrix fc-tone of order n on (a, b). Let f e be the 
regularization of / as in the proof of Lemma 12.41 It is immediate to see that f £ is equi- 
partitioned matrix k-tone of order n on (a + e, b — e). Let A € M* a (a + e, b — e) and X € 
with A + X £ M* a (a + e, b — e). Similarly to Lemma 11.51 one can show that f £ k] (A,A + 
X; 0, r, 2r, . . . , kr) > for every r € (0, l/k). Letting r \ gives ^ f e (A + tX)\ t=Q > as 
in the proof of Lemma 12.21 By (ii) => (i) of Proposition 12.61 (this is true for n = 1 as well), f £ 
is matrix /c-tone of order n on (a — e, b + e). Now, thanks to the continuity assumption of /, 
one can take the limit of (jl . 2[) for f £ as e \ to see that / is matrix /c-tone of order n on 
(a, 6). The assertion on operator fe-tonicity is seen by Proposition 11.61 □ 

3 Characterizations of operator &>tone functions 

The aim of this section is to present general characterizations of operator fc-tone functions 
on (a,b). A well-known theorem of Bernstein is stated in |26} Chapter IV, Theorem 3a] as 
follows: If / is absolutely monotone (i.e., all /(% k = 0, 1, 2, ... , are non-negative) on [a, 6), 
then / can be analytically continued into {z € C : \z — a\ < b — a}. Its variation due to 
Valiron given in [10} pp. 160-161] says that if a function / on (a, b) has non-negative even 
derivatives /, /", . . . , then it is analytic on (a, b). We will need a little bit more as given 
in the following: 

Lemma 3.1. Let f be operator k-tone on (a,b), then f is analytic and moreover the radius 
of convergence of the Taylor expansion of f at x E (a, b) is 5 X := min{x — a,b — x}. 

Proof. By Propositions 11.61 12.61 and Theorem 12.11 we know that g := f^ is C°° on (a, b) 
and moreover g, g", g^\ . . . are non-negative. Take x € (a, b) and for \h\ < 5 X let 2g(h) := 
g(x + h) + g(x — h). Clearly g is absolutely monotone on (— 5 X ,5 X ). By Bernstein's theorem 
mentioned above, g is analytic and its Taylor expansion at x, which is £^° =0 (g^ (s) /2n!) h 2n , 
has radius of convergence at least 5 X . On the other hand, by Theorem l2. 11 (d). for every n > 0, 
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which shows that ^2 < ^ > = o(g^ n \x)/n\ s )h n also has radius of convergence at least 5 X . From these 
estimates one can easily see, using any Taylor formula, that g(x + h) = ^2^ = Q(g^ (x) /n!) h n 
for h € (o~ x /2, 5 x /2). Thus g is analytic. But it coincides on (x — 8 x /2,x + 5 x /2) with its 
Taylor expansion at x which is known to have radius of convergence at least 5 X . Thus by the 
analytic continuation principle, they have to agree on (x — 5 x ,x + 5 X ). The conclusion on / 
now follows. □ 

Lemma 3.2. Let g be an operator monotone function on (a, b) and a € (a, b), then (x—a) k ~ 1 g 
is operator (k + 2/) -tone for any k £ N and any I £ N U {0}. 



Proof. Set m := k + 21. By Lemma 13.11 / := (x — a) k 1 g is analytic. By Propositions 11.61 
and E21 we need to check that f(A + tX)\ f=0 > for all A e M s n a (a, b) and X € ML+ of 
any n € N. Since this is a local estimate, using a restriction, a translation and a dilation, 
we can always assume that actually / is operator monotone on (—1, 1), a G (—1, 1), and the 
spectrum of A sits in (—1, 1). 

It suffices to assume that A is diagonal so that A = Diag(ai, . . . , a n ). Using Daleckii and 
Krein's derivative formula and the formula for divided differences given in Corollary 11.91 we 
have 



df 



f{A + tX) 



t=Q 



^ ] m\f^ ^ (dj, O ri , . . . , Or m _i j Ojj)Xi ri X rir2 • • • X Tm _ 1 j 

A^l-Aa)^ 1 



n,...,r m _i=l 



E 



n,— ,r TO _i= 



■1,1] (1 - Aai)(l - Aa ri ) • • • (1 - Aa rm _J(l - X ajJ 

x X-i ri X rir2 ■ ■ ■ X T - m _ 1 j 



dfi(X) 



where 



ml f D(A) 1/2 ( J D(A) 1/2 X J D(A) 1/2 ) m J D(A) 1 / 2 A 2/ (l - Aa)^ 1 d/x(A) > 0, (3.1) 



□ 



Theorem 3.3. Let f be a real function on (a, b), where — oo < a < b < oo. Xei A; £ N. T/ien 
i/ie following conditions (i) -(vi) are equivalent: 

(i) / is operator k-tone on (a,b); 

(ii) / is matrix k-tone of order n on (a, 6) /or every n £ N; 
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(iii) / is C k on (a, b) and 



> 



for every A € M* a (a, b) and every X 6 
(iv) / is analytic on (a, b) and 

d k 



t=o 

of any n € N; 



t=0 



> 



for every A £ B(7i) sa (a,b) and every X £ B(T~L) + , where the above derivative of order 
k is well defined in the operator norm; 

(v) / is C k ~ 2 on (a, b) {this is void for k = 1) and f^- k ~ l \x, a, • • • , a) is operator monotone 

k-l 

on (a,b) for some {equivalently, any) a £ (a,b) (with continuation of value at x = a); 

(vi) / is C^ 1 on (a,b) and /^^'(x, cti, ■ ■ ■ ,ctk-i) (this is f(x) for k = 1) is operator 
monotone on (a, b) for some (equivalently, any) choice of a\, . . . ,a n from (a, b); 



(vii) / is C°° on (a, b) and 



(i + j + k)\ 



n-l 



J i,j=0 



is positive semidefinite for every x € (a, b) and every n £ N. 

Proof. The equivalence of (i), (ii) and (iii) was proved in Propositions 11.6 1 and 12.61 

(i) =^ (iv). By Lemma |3.1[ / is analytic. It only remains to justify that A i-> f(A) is C k 
on B(7i) sa (a,b) and the inequality in (iv). Let A € B(7i) sa (a,b) with spectrum included 
in [xq — h, xq + h] C (a,b), h > 0. By Lemma [3.11 / is equal to its Taylor expansion at 
xo on (xq — 5 Xo , xq + 5 XQ ) . Thus for any B with spectrum in (xq — 5 XQ , xo + S XQ ) we have 
f(B) = Y^m=o c m(B — xoI) m with c m := f( m \xo)/rnl, and so / is C°° at the neighborhood 
of A as h < S Xo . For every X £ B(%) + we have 



— k f (A + ix) t _ n = £ Cm ^ (a - ,o/ + txy 



t=o 



m=0 



t=0 



XI c m F fcim _ fc (X, ,4 - cc /), (3.2) 



rn=k 



where Ffc jm _fc(X, Y") was introduced in Example 11.21 On the other hand, for = to < ti < 
■ ■ • < <fc < 1, by assumption (i) we have 

oo 

< fW(A, A + X;t ,t 1 ,...,t k ) = Y,c™ {x m ) [k] (A - x I, A - x I + X; to, h, . . . , t k ). 

m=0 

Now apply the formula of Example 11.21 to each term of the above expansion and then let 
U \ for 1 < i < k to obtain Ylm=k c mFk,m-k(X, A - x I) > 0. 
(iv) => (iii) is obvious, and so (i)-(iv) are equivalent. 

Next, we prove that (i) => (v) for any a € (a, b). Assume (i); then / is analytic. For every 
n £ N and for any choice of a,x\, . . . ,x n from (—1, 1), apply (c) of Lemma 12.31 to n + 1 
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points a,x\, . . . ,x n and take the n x n submatrix deleting the first row and the first column 
to obtain 



1 I(x i ,a,...,a) -/t fc ^(xj.a,... ,a) 



= [f [k] {xi,a,...,a, Xj )]l j=1 > 0, 



which gives (vi) due to Lowner's theorem j23j (or [U V.3.4]). (Note also that Lowner's 
theorem easily follows from Proposition 12.61 ) 

Conversely, assume (v) for some a € (a, b); so / is C k ~ 2 and g{x) := p k_1 '(x, a, . . . ,a) is 
operator monotone on (a, b) (with continuation g(a) = (3 at x = a). As (|2.1|) we have 

/(*) = E ^7T^ " + ( x " «) fe_1 ^), * G («' b )> ( 3 - 3 ) 

where f(x) = g{x) for fe = 1. Hence Lemma 13,21 yields (i). 

Before going to (vi), let us prove that (i) implies that (x — a)f is operator {k + l)-tone 
for any a € (a,b). By (i) =>■ (v) and (13. 3p we have a polynomial P of degree at most k — 2 
and an operator monotone function g so that f = P + (x — a) k ~ l g. Hence (x — a)f = 
(x — a)P + (x — a) k g. By Lemma 13.21 this yields the operator (k + l)-tonicity of (x — a)f. 

Now, assume that (vi) holds for some choice of ai, . . . , a n from (a, b). As easily verified, 
g(x) = /^"^(x, ai,..., Q!jfc_i) is of the form 

/(x) — (a polynomial of at most degree k — 2) 



(x - a\)(x - a 2 ) • • • (x - a k -i) 



so that 



'fc-i 



/(x) = P(x) + |n( x -«')|^)' (3-4) 

where P is a polynomial of degree at most k — 2 and g is operator monotone on (a, 6). Hence 
(i) follows by applying, k — 1 times, the result we have proved above. 

Conversely, let us prove that (i) =>- (vi) for all possible choices of a±, . . . a k -i- Assume (i), so 
/ is analytic on (a, b). Let a\, . . . , a k -i be arbitrary in (a, b). By (i) =>■ (v), /[ fe_1 l(x, ai, . . . , ai) 
is operator monotone on (a, 6). Let gi(x) := f^(x, a\); then we have gf 2 \x, a±, . . . , at) = 
/[ fc_1 l(x, ai,..., cti). Hence by (v) =>• (i) with some a and k — 1 in place of fc, 51 is oper- 
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ator (/c — l)-tone on (a,b) and hence ^ (x, «2, • • • , 012) is operator monotone on (a,b). 
Repeat this argument to 52 (z) := <?[ (a^a^), 9k-i '■= s[_ 2 (a;,a]t-i) and notice that 
gk~i{x) = f k ~^(x,ai, . . . ,a k -i)- Hence (v) follows. 

Theorem 12.11 shows that (i) => (vii) . Conversely, assume (vii) . By the same argument as 
in the proof of Lemma 13.21 we can assume that (a, b) = (—1,1). The proof of Lemma 3.1 
can be performed under assumption (vii) so that the Taylor expansion ^2 < ^Lo(f^ n \0)/n\^x n 
is convergent on (—1,1). Thus we can write 

m = J2 ^Tf^ x ' + x k ~ i 9 {x), x e (-1, 1), 
1=0 
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where g(x) := (/^ n+fc Ho)/( n + k)\)x n+1 . Now, the same proof as that of [H Theorem 

2.8] appealing to the Hamburger moment problem can be done due to (vii) to see that g is 
operator monotone on (—1,1). Hence Lemma 13.21 yields (i). □ 

In the rest of the section we will point out some interesting consequences of the above 
theorem and its proof, which have mostly appeared from the connections between / and its 
divided differences in (|3.3p and (|3.4p . 

Corollary 3.4. Let f be a real function on (a, b), where — oo<a<6<oo. Let k G N. Then 
the following conditions are equivalent: 

(i) / is operator k-tone on (a,b); 

(ii) / is C k ~ 2 on (a, b) {this is void for k = 1) and for some (equivalently, any) a G (a, b) 
there exists an operator monotone function g on (a, b) such that 

/(*) = E ^ir^ ( x " «)' + ( x " 

1=0 

(hi) for some (equivalently, any) ai , . . . , afc_i in (a,b) there exist a polynomial P(x) of 
degree less than or equal to k — 2 and an operator monotone function g on (a, b) such 
that 

/(x)=P(x) + |lJ(x-o,)|^(a:). 

The corollary tells us that the structure of operator k-tone functions is rather simple with 
additive and multiplicative polynomial factors beyond operator monotone functions. With 
a G (a, b) fixed in (iii), there is a one-to-one correspondence, up to polynomials of degree less 
than or equal to k — 2, between operator k-tone functions on (a, b) and operator monotone 
functions on (a,b). 

It is also worthwhile to observe 

Corollary 3.5. Let f be a operator k-tone function on (a,b), where — oo < a < b < oo. 
Then 

(a) For any a G (a, b), (x — a)f is operator (k + l)-tone on (a, b). 

(b) For any I G N, / is operator (k + 2/) -tone on (a, b). 

(c) If k is even, then £^ f(A + tX)\ t=Q > for all A G B(U) sa (a, b) and X G B{H) sa . 

Proof, (a) has already been shown in the proof of Theorem l3.3l (see the paragraph after (|3.3p ). 
and (b) is similarly shown by using Lemma 13.21 Let us prove (c). For A G M^ a (a, b) and 
X G M* a of any n G N, this is immediately seen from Corollary I3.4l (iii) and (|3.ip in the proof 
of Lemma E2J Next, let A G B(H) sa (a, b) and X G B(U) sa , and let U n and P n be as in the 
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proof of Proposition 11.61 Set A n := P n AP n \y_ n and X n := P n XP n \^[ n , which are considered 
as elements of M* a (a, b) and of M* a , respectively. By the matrix case shown above we have 
f{A n + tX n )\ t=0 > 0. Using ([321) can easily verify that P n (£r f(A n + tX n )\ t=Q }P n 
converges strongly to f(A + tX)\ t _ Q . Hence the latter kth derivative is non-negative. □ 

Remark 3.6. The phenomenon in the above (c) was observed in the paper [22] for k = 2. 
For the proof one can alternatively use the higher derivative formula for infinite dimensional 
operators in [21] to verify the same expression as (|3.ip . 

It is well known that any operator monotone function on the whole line (— oo,oo) is a 
linear function a + (3x with f5 > 0; any operator convex function on (— oo, oo) is a quadratic 
function a + (3x + 7a; 2 with 7 > 0. The following higher order extension is immediate from 
(iii) of Corollary 13.41 

Corollary 3.7. Let k € N. A real function on (— oo,cxj) is operator k-tone if and only if it 
is a polynomial of degree less than or equal to k with non-negative coefficient of x k . 

The following Corollary is also immediate from Theorem 13.31 

Corollary 3.8. Let f be a real function on (a,b), where —00 < a < b < 00. Let k, m & N 
with m < k. Then the following conditions are equivalent: 

(i) / is operator k-tone on (a,b); 

(ii) / is C m on (a, b) and f^ m \x, ol\, . . . , a m ) is operator (k — m)-tone on (a, b) for every 
ai,...,a m 6 (a,b); 

(iii) / is C m ~ l on (a,b) and f^- m \x,a, . . . ,a) is operator (k — m)-tone on (a,b) for some 
a £ (a, b) (with continuation of value at x = a). 

Let J- (a, b) denote the space of all real functions on (a,b), which is a locally convex 
topological space equipped with the pointwise convergence topology. For each k G N we 
denote by V^ k \a,b) the set of all operator k-tone functions on (a, b). 

Proposition 3.9. The set V^ k \a,b) is a closed convex cone in P(a,b) for every k € N and 

V {1) (a, b) C p(3) ( a , b ) c p(5) h ) c . . . , 
V {2 \a,b) ^V i4) (a,b) C?l«)(a,i) C ... . 

Proof. Lemma fl . 1 1 clearly implies that the set V^(a, b) of all matrix /c-tone functions of order 
n on (a, b) is a positive cone and is closed for the pointwise convergence. Hence 7>( k \a,b) = 
P| n>0 7 :, i' c ^(a, 6) has the same properties. 

The inclusion have already been seen in Corollary 13.51 (b). Moreover, for each k S N with 
k > 2, let f{x) = x k . Then 

f^(x 1 ,...,x k )=x 1 + ---+x k , f^(x 1 ,...,x k+2 ) = 0. 
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Hence / G P (fc+1) (-1, 1) but / V {k ~ l) (-1, 1) since f [k ~ 1] (xx, . . . , x k ) is negative for 
xx, ■ ■ ■ ,x k G (—1, 0). (More intrinsic differences among V^ k '(—1, l)'s will be seen from Propo- 
sition S3J) □ 

Recall [131 p. 131] that n-monotone functions have the following local property: Let 
a < c < b < d and / be a real function on (a, d). If /|( a ,6) and f\< K c,d) are n-monotone, then so 
is / on (a,d). This property is essential in the proof [13\ pp. 83-84] of that (d) of Theorem 
I2.1l with k = 1 is a sufficient condition for n-monotone functions. This property for n-convex 
functions is still open while that for 2-convex functions was proved in [16] . It is immediate 
from (vii) or (v) of Theorem 13.31 that operator k-tone functions have a similar local property 
for every k G N. 

4 Operator /c-tone functions on (—1,1) 

In this section we discuss operator fc-tone functions restricted on the domain interval (—1,1). 
In the next theorem we show further characterizations of such functions by using Theorem 
13.31 and the integral representation of operator monotone functions in Theorem 11.81 (in fact, 
(fj~5l) is flU]) when k = 1). 

Theorem 4.1. Let f be a real function on (—1, 1), and let k G N. Then the following 
conditions (i)-(iii) are equivalent: 

(i) / is operator k-tone on (—1,1); 

(ii) / is C 1 on (—1,1) and there exists a finite positive measure fi on [—1,1] such that, 
for any choice of a £ (—1,1), 

/(*) = E ^tt^ -«)'+/ n nin \k x 6 !); C 4 - 1 ) 

^ Z! Ji_x,x] (1 - - Aa) ft 

(iii) / is C fc on (—1, 1) and i/iere exists a finite positive measure \i on [—1, 1] suc/i i/iat 

fW(xx,x 2 ,...,x k+1 )= [ r-^: T ; rd/i(A) (4.2) 



(! - Axi)(l - Ax 2 ) • • • (1 - Xx k+1 ) 

for every Xx,x 2 , . . .,x k+1 G (-1, 1). 

Moreover, in the above situation, the measures f/, in (ii) and in (iii) are unique and same, 
and the following hold for every m > k: 



(a) For any choice of a G (—1,1), 
l) (a) ( _ w 

l\ [X a ' ' 7 M ,i] (l-\x)(l-\a) 



m = E ^ X ~ + / , Pi - ^r_T^ MX), XG(-1,1). (4.3) 
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(b) For every xi,x 2 , . . .,x m+1 G (-1, 1), 

/^rn—k 
7i \ — \71 \ — ^ n \ V d/j(X). 
(1 - Azi)(l - Ax 2 ) • • • (1 - Ax m+ i) 

Proof, (i) (ii). For each a G (—1,1) use Corollary I3.4l (iii) to have an operator monotone 
function g on ( — 1,1), which is represented by Theorem 11.81 as in (|1.5p with a representing 
measure \i. Replacing (1 — Xa) k ~ 1 d^(\) with dfi(X) we have expression (|4.ip . We next prove 
that the measure does not depend on a. Let a G (—1, 1) be arbitrary. Since 

(x - a) k (x - a) k (x - a) k (l - \a) k - (x - a) k (l - \a) k 



(1 - Ax)(l - \a) k {1 - \x)(l - \a) k ~ (1 - Ax)(l - \a) k {l - \a) k 

and the numerator of the above right-hand side is zero when x = 1/A, we notice that the 
above expression is written in the form 

k-l 

Pk-l(x) :=^>,(A)x', 
1=0 

where a;(A), < I < k — 1, are functions of A (a, a being constants). Since Pk-\(0), Pj s ._ 1 (0), 
. . . , P^L^iO) are functions of A on [—1, 1] integrable with respect to //, we notice that ai(X), 
< I < k — 1, are integrable with respect to /i. Therefore, 

so that we have 

/(% — cV) k 
7 — T7 — rr du(\). 
t -i,i] (1 - Ax)(l - Aa) fe 

Since the above integral term is o((cc — d) fc_1 ), the first polynomial term must be 

k-l ^ 
~ l\ 



i=0 

so that ()4.ip is valid with a in place of a. 

The proof of (ii) =>■ (iii), as well as that of (b) from (|4.ip . is included in the proof of 
Corollary 11.91 an d (iii) (i) was actually shown in the proof of Lemma I3.2L Moreover, (a) 
follows from (b) by letting x\ = x and x 2 = ■ ■ ■ = x m +i — en. 

It remains to prove the uniqueness of \x in (iii). Recall that the linear span of functions 
h x (X) := 1/(1 — Ax) where x G (—1, 1) is dense in C([— 1, 1]), the space of continuous functions 
on [—1,1]. So, letting x\ = x and x 2 = ■ ■ ■ = x n+2 = in (|4.2p one can easily see that \x is 
unique. □ 
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Of course the integral term of (|4.3|) is the mth remainder term of the Taylor series of / at 
a. This remainder term converges to as m — > oo for \x — a\ < 1 — \a\ by Lemma 13. II (this 
follows also by the Lebesgue convergence theorem). 

We call the finite measure /i on [—1,1] in (ii) and (hi) of Theorem 14.11 the representing 
measure of /. Theorem 14.11 (a) says that if / G with the representing measure 

[i and if m > k and m — k is even, then / E V^ m \—1, 1) with the representing measure 
ym-k d^xy j n thj s connection we show 

Proposition 4.2. Let f G 1) with the representing measure fx. Then 

(1) / E V {k+1) {-1, 1) i/ and only if fj, is supported in [0, 1] . In this case, 
/or a// m > k. 

(2) / G -P( fc+1 )(-l,l) if and only if (i is supported in [—1,0]. In this case, f G 

Proof. (1) Assume that / G 7 7 ( fc+1 )(— 1, 1). Theorem 14.11 implies that there exists a finite 
positive measure fi 1 on [—1,1] such that 

f^( Xl ,...,X k+2 )= [ - ^ r d/i'(A) 

J [-1,1] I 1 - Ax i) ■••(!- Ax fc+2 ) 
for every xi, . . . , xt+2 G (—1, 1). On the other hand, by Theorem 14.11 (b) we have 

f^( Xl ,...,x k+2 )= [ \ -d M (A) 

for every x\, . . . ,x k +2 G (—1, 1). As in the last part of the proof of Theorem 14.11 letting 
x\ = x and x 2 = ■ ■ ■ = x n + 2 = 0, we must have dfi'(\) = A dfi(X) on [—1, 1]. This means that 
fj, is supported in [0, 1]. Conversely, if \i is supported in [0, 1], then / G V^ m \-\, 1) for all 
m > k thanks to Theorem 14.11 

(2) is similarly shown. □ 

In case of m = 1 (or m = 2) the next proposition shows when / G 7- > ( fc )(— 1, 1) is a sum of 
a polynomial of degree k and an operator monotone (or operator convex) function on (—1, 1). 

Proposition 4.3. Let k,m G N with m < k. Let f G "p( fc )(— 1,1) with the representing 
measure \i. 

(1) Assume that k — m is even. Then there exist clq, . . . ,a k G M with a k > and g G 
pW(-l,l) such that 

k 

f(x) = J^aix 1 +g(x), a; €(-1,1), 

1=0 

if and only if 

-i,i]\{0} 



/ n r , T^T d MA) < +oo. 
J -i,i uo> A 
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(2) Assume that k — m is odd. Then there exist ao, ■■-,fljfc € M mt/i Ofc > and g £ 

2=0 

i/ and on/y i/ fi is supported in [0, 1] and 



'to 

(3) Assume that k — m is odd. Then there exist ao,...,ttjt G M mi/i a& > and g € 
PM(-1,1) suc/i i/iat 

f( x ) = ^2 a ix l ~ 9(x), XE(-1,1), 

1=0 

if and only if fj> is supported in [— 1, 0] and 



.0) 

Proof. (1) Assume that / is of the form in (1). Let // be the representing measure of g. By 
Theorem 14.11 (a) we then have 

/\ k— m 
,-1,1] (1 - Axi)(l - Ax 2 ) ■ • • (1 - Ax fc+ i) 

= /-i,i] (1-Ax 1 )(l-Ax 2 )-..(1-Ax fc+1 ) ^ (A) ' 
As in the proof of Proposition 14.21 we have 

dn(X) = a k d5 (X) + X k ~ m dfi'(X) (4.4) 

so that 



/ TF^T d^{X) = [ dfi'iX) <+oo. 

J[-i,i]\{o} X J[-i,i]\{o} 

Conversely, assume that Jj x uuo} l/^ fc ~ m dfi(X) < +oo. Since 
x fc x m {l - (1 - Ax)} fc - ?n 



1 - Ax (1 - Ax)A fc ~ m 



(1 - Ax)A fc " m l 



t,( k T) ( - 1)l{1 - Xx)l 



X 

1=0 



£(' ; 7V> ,ii ^ + 



/ J K ' X k ~ m (1 - Ax)A fc " 
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we have 



x m 



+ U, (l-Ax)A— *< A > 
(a polynomial of at most degree fc) + (?(x), 



where 



9W:= '- ! «„(l-A I )A'-' , ' ,W 



belongs to V^ m '{—1, 1). In the above, g(x) is well defined by the integrability assumption. 

(2) Assume that / is of the form in (2). Let // be the representing measure of g. Then 
we have (|4.4p as in the proof of (1). Since k — m is odd, \i and fi' are supported in [0, 1] and 



(0 



/ df/(X) < +oo. 
J (0,1] 



The proof of the converse implication is also similar to that of (1) by replacing the integral 
region [-1, 1] \ {0} with (0, 1]. 

(3) is shown similarly to the above. □ 

We say that a smooth real function / on (a, b) is operator absolutely monotone if 

al k 

—rf{A + tX) >0, £ = 0,1,2,..., (4.5) 



dt k 



t=o 



for every A G M* a (a, b) and every X G of any n G N, and operator completely monotone 
if 

(-1)* /(A + tX) >0, £ = 0,1,2,..., (4.6) 

for every ^4 G M^ a (a, 6) and every X G of any n G N. From Proposition 14.21 one can 
characterize these operator versions of absolute and complete monotone functions on (—1, 1) 
as follows: 

Proposition 4.4. The following conditions for a real function on ( — 1, 1) are equivalent: 

(i) / is operator absolutely monotone; 

(ii) f is a non-negative operator monotone function whose representing measure is supported 
in [0,1]; 
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(iii) / admits the integral expression 



f{x)=P + 



L 



[0,1] 



1 - Ax 



1 + x 



dfi(X) 



with (3 > and a (unique) finite positive measure [i on [0, 1]. 

Proof, (i) 4=> (ii) is obvious from Proposition 14.21 (1) for k = 1. (ii) (iii) follows by letting 
a \ — 1 in (II. 5p of Theorem 11.81 and then replacing (1 + A) -1 dfi(X) with dfj,(X). (iii) (ii) 
is immediate since (1 + x)/(l — Ax) is non-negative and operator monotone on (—1,1) for 



Proposition 4.5. The following conditions for a real function on ( — 1, 1) are equivalent: 

(i) / is operator completely monotone; 

(ii) —f is a non-positive operator monotone function whose representing measure is sup- 
ported in [—1,0]; 

(iii) / admits the integral expression 



with (5 > and a (unique) finite positive measure fi on [—1,0]. 

Proof. The proof is similar to that of Proposition 14.41 Alternatively, this proposition imme- 
diately follows from Proposition 14.41 since / is operator completely monotone on (—1,1) if 



Furthermore, one can see from Theorem 13.31 that if / is operator absolutely monotone 
(resp., operator completely monotone) on (—1,1), then (|4.5p (resp., (|4.6p ) holds for every 
A G B(H) sa (-l, 1) and X G B(U) + . This justifies our terminology. 

5 Operator /c-tone functions on (0, oo) 

In addition to general characterizations in Theorem 13.31 the next theorem gives integral 
representation of operator fc-tone functions on the unbounded interval (0, oo). Note that 
(fL8l) is when k = 1. 

Theorem 5.1. Let f be a real function on (0, oo), and let k G N. Then the following 
conditions (i)-(iii) are equivalent: 

(i) / is operator k-tone on (0, oo); 



AG [0,1]. 



□ 




and only if f(—x) is operator absolutely monotone on (—1, 1). 



□ 
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(ii) / is C k 1 on (0, oo) and there exist a 7 > and a positive measure /i on [0, 00) such 
that 



[0,00) 

and, for any choice of a G (0, 00), 



/ 77— Wr d ^ A ) < + °° t 5 - 1 ) 

i[0,oo) (1 + A) fc+1 



1=0 



(x — a) k 
[0,00) {x + X)(a + \) k 



+ 1 /_ ■ n/- , Mfc #). xG(0,oc); (5.2) 



(iii) / is C fc on (0, 00) and i/iere exist a 7 > and a positive measure fi on [0, 00) such that 
(|5.ip /ioZds and 

f [k] (xi,x 2 ,...,x k+1 )=j+ I - — — — — — - —— dfi(X) (5.3) 

J[o,oo) (^1 + A)(x 2 + A) • • • (x fc +i + A) 



[0,00) (21 + A)(x 2 + A) • • • (x fe+1 + A) 

for every x 1 ,x 2 ,...,x k+ i G (0,oo). 

Moreover, in the above situation, 7 and /x in (ii) and in (iii) are unique and same, and 
the following hold for every m > k: 

(a) For any choice of a G (0, 00), 

/(x)= ^/?|M (x _ a y + ( _i r - fe /" j 8 " a L »(A), xG(0,oo), 

^ i! 7[o,oo) 1^ + A)(a + A) m 

(5.4) 

and hence (— l) m_fc y operator m-tone on (0, 00). 

(b) For every xi,x 2 , . . . ,£ m +l G (0, 00), 

/N(x 1> x 2 ,...,x TO+1 ) = (-l) m -* / 1 -rrW 

V[o,oo) («i + A)(x 2 + A) • • • (x m+ i + A) 

Proof, (i) => (ii). Assume (i); by Theorem 13.31 / is analytic and g(x) := f^ k ~ l \x, a, . . . ,a) is 
operator monotone on (0, 00) for any fixed a G (0, 00). Then by Theorem 1 1.10| g admits the 
integral expression 

g{x) = + j(x - a) + / - — — — — — -d/i(A), xG(0,oo), 

J [0,00) (x + A)(a + A) 

where /3 = 5(a), 7 > and fi is a positive measure on [0, 00) satisfying 

/ T\ i 1 U2 d ^( A ) < +0 °- 
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Replacing (a + X) k 1 d/j(X) with dfj,(\) we have (|5.ip . Thanks to fj3.3j) for x G (0, oo) in this 
case, we have 

/(*) = E ^7T^ ( x " + ^ " + ^ " «)" 
z=o 

(x — 

'[0,00) + A) (a + A) A 

Since the above integral term is o((x — a) fc " 1 ), we have /3 = («)/(& - 1)! so that 

expression (|5.2p holds for a fixed above. 
Let a € (0, 00) be arbitrary. Notice that 

k 



+ / /_ ,\w_ . ■ ^ k M*), x 6(0, 00). 



(x - a)' 



^rE(/)(- 1 ) fc " / (« + A ) fc " / (- + A ) / 

z=o ^ ' 



x + A x + A 
and hence 

x + A (a + A) fc x + A _ X VJ I (a + A)'J v ; 

Inserting this into (|5.2p we conclude that 



/(x) = (a polynomial of at most degree k — 1) 

i f (x — 5) 

+ 7(x-d) fe + / - — d/i(A). 
7[o,oo) (x + A)(a + A) fc 

Since the above integral term is o((x — d) fc_1 ), the first polynomial term must be 



E jL iH( 2; - a ) 



so that (|5.2p is also valid with a in place of a. 

(ii) =>■ (hi) . Similarly to Corollary 11.91 we compute 

(x-a) k 

(xi,x 2 ) 



(x + A)(a + A) fc , 

1 ^ fk\ (-l) k ~ l (xi + A)'" 1 - (x 2 + A)' 



v ; (xi + A)(x 2 + A) ^\lJ(a + X) 1 xi -x 2 

so that 

(x-a) k \ [k] 

(Xl,X 2 , • • .,x k+ i) 



(x + A)(a + A) fc 

/ 1 \ W 
= ( — l) fc I ~~ — r ) (xi,x 2 ,...,x fe+ i) 



x + A; y ^ ^ (x! + A)(x 2 + A)---(x fc+1 + A) 
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for every x±, x%, . . . , a^fe+i G (0, oo). Hence (iii) follows from (ii) by taking the kth divided 
differences of both sides of (|5.2p . where we can take the kth divided difference inside the 
integral due to (|5.1|) . 

(iii) =>• (i). Let A = Diag(ai, . . . , a n ) G M* a (0, oo) and X G M+. Similarly to the proof of 
Lemma |3,2[ based on Daleckii and Krein's derivative formula, one can show from (iii) that 

f(A + tX) =k\ f DiXf/^DiXf^XDiXf^fDiX) 1 ' 2 dfx(X) > 0, 

with 

D(A) :=Diag(— ^-), AG[0,oo). 
Vai + A a n + A / 



This yields (i) by Theorem! 

Next, we prove the uniqueness of 7 and ji in (ii) or in (iii). It suffices to show the uniqueness 
of 7 and /i in (iii). Let x\ = x and x% = ■ ■ ■ = Xk+i = 1 in (15.3f) . Then 

g(x):=fW(x,l,...,l)= 7 + f -J_di/(A), (5.5) 

J [0,oo) x + A 

where 

1 [I 

dv W ■= r-, , , u dn(X), hence / — — dv(X) < +00. 

(1 + A) ft 7(0,00) 1 + A 

This says that g is a non-negative operator monotone decreasing function on (0, 00). It is 
well known that a 7 > and a measure v on [0, 00) representing g in (|5.5p are unique (in 
fact, 7 = lim^oo g{x)). So 7 and ^ in (iii) are unique. 

Finally, we prove (a) and (b). Assertion (a) immediately follows by computing higher 
order divided differences from (|5.3[) . Moreover, (|5.4p follows from (b) by letting x\ = a and 
X2 = ■ ■ ■ = Xm+i = ol. The operator m-tonicity of (— l) m_fc / now follows from expression 
(15.41) due to condition (ii). □ 



One can understand the integral term of (|5.4p as the mth remainder term of the Taylor 
series of / at a, which converges to as m — > 00 for x G (0, 2a). 
In terms of the convex cones V^ k ' (0, 00) we have proved 

Proposition 5.2. The closed convex cones p( fc )(0,oo), k G N, 0/^(0,00) satisfy 

V {1) (0, 00) C _p(2) (o, oo) C 7?0) (0, 00) C _p(4) (0, 00) C ... , 

w/iere -V {k) (0,oo) := {—f : f G p(*)(0,oo)}. 

Proof. Assertion (a) of Theorem 15.11 gives the inclusion property of P"(0, oo)'s, where the 
strict inclusions are seen as in the proof of Proposition 13.91 (More intrinsic differences among 
±p( fc )(0,oo)'s will be seen from Proposition 15.61 and examples in Section [6j) □ 
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Theorem 15 . 1 1 savs that a function / € (0, oo) admits a unique integral expression given 
in (|5.2p with a constant 7 > and a measure /1 on [0, 00) satisfying (|5.ip . We call 7 the 
coefficient of the kth degree of / and \x the representing measure of /. 

The following corollaries are seen from the cases k = 1,2 of Theorem 15.11 combined with 
a characterization of operator monotone decreasing functions in [5]. For instance, (1) <4> (3) 
and (1') 4=> (3') seem new. 

Corollary 5.3. For a real function f on (0, 00) the following conditions are equivalent: 

(1) / is operator monotone on (0, 00); 

(2) /™(a:, a) is a non-negative operator monotone decreasing function on (0, 00) for some 
a 6 (0,oo) (with continuation at x = a); 

(3) /W(x,a) is non-negative, non-increasing (as a numerical function) and operator convex 
on (0, 00) for some a € (0, 00) (with continuation at x = a). 

Proof. Since condition (iii) of Theorem EH in the case k = 1, obviously implies (2), we have 
(1) => (2). Conversely, (2) yields the integral expression 

/W(x,a)= 7 + / — hr<MA), 

J [0,oo) X + A 

where 7 > and v is a finite positive measure on [0, 00), see [H] (also [3 Theorem 3.1]). 
This gives 

/(*) = f(a) + >y(x - a) + [ ^ du(\), 

J [0,00) x + A 

from which (1) follows. (2) <S=> (3) follows from [U Theorem 3.1]. □ 
Corollary 5.4. For a real function f on (0, 00) the following conditions are equivalent: 
(1') f is operator convex on (0, 00); 

(2') /W(x,a) is operator monotone on (0, 00) for some a € (0, 00) (with continuation at 
x = a); 

(3') / is C 1 and 

f \x,a,a) = -k 

[x — ay 

is a non-negative operator monotone decreasing on (0, 00) for some a € (0, 00) (with 
continuation at x = a); 

(4') / is C 1 and (x,a,a) is non-negative, non-increasing (as a numerical function) , and 
operator convex on (0, 00) for some a G (0, 00) (with continuation at x = a). 
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Proof. (V) O (2') is in [TBI Corollary 2.7.8] (also [25l Lemma 2.1]). Condition (iii) of Theorem 
15.11 in the case k = 2, implies (3'), so we have (1') => (3'). If (3') holds, then / a) satisfies 
(2) of the above corollary so that (2') holds. Finally, (3') (4') follows from Theorem 
3.1]. □ 

It is well known [8j V.2.5] that operator monotone functions on [0, oo) are operator concave 
there (essentially same as V^(0, oo) c — ^^(O, oo)). By a small convergence argument from 
-p( 2 )(0,oo) c V^(0,oo) we have 

Corollary 5.5. If f is an operator concave function on [0, oo), then 

(1 -s)(l- t)(t - s)f(A) + s (l - 8 )/((l - t)A + tB) 
< t(l - t)/((l - a) A + sB) + st(t - 5)7(5) 

for every A,B£ B(T-L) + with A < B and every s,t G [0, 1] with < s < t < 1. 

In case of m = 1 (or m = 2) the next proposition characterizes when / £ "P^ fc ^(0, oo) is a 
sum or difference of a polynomial of degree k and an operator monotone (or operator convex) 
function on (0, oo). 

Proposition 5.6. Let k,m € N with m < k. For a real function f on (0, oo) the following 
are equivalent: 

(i) there exist clq, . . . , 6l with > and g G "p( m ) (0, oo) such that 

k 

f{x) = ]T ai x l + (-l) k ~ m g(x), x G (0, oo); 

1=0 

(ii) / G "P( fc )(0,oo) and i/je representing measure n of f satisfies 

d(i(X) < +oo. (5.6) 



771+ 1 



[0,oo) (1 + -M 

Proof, (i) =>■ (ii). Assume that / is of the form in (i). Let [i be the representing measure of 
g, which satisfies (|5.6p . Then by (b) of Theorem 15.11 we have 

f [k] {xi,x 2 ,...,x k+1 ) = a k + / — — — —dfi{\). 

7(0,00) {xi + \){x 2 + A) ■ ■ ■ (x fc+ i + A) 

Hence Theorem 15.11 implies that / G (0, oo) with the coefficient of the kth. degree a k and 
the representing measure \x. 
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(ii) => (i) . Assume that / is represented as (|5.2p with the measure /i satisfying (|5.6p . Since 

(x-a) k {x-a) m {(x + A) - {a + \)} k ~ m 

(x + X)(a + X) k ~ (x + X){a + X) k 



(x — a) m \ /k — m 



k—m \ 

E 7 ("!)'(« + A)'(x + A) 



k—m— I 



{x + X ){a + \) k ^ V « 
+ (-!)' 



(s - a) f 



(x + A) (a + A) m ' 



we have 



f{x) = Y J ^^(x-a) l + 1 (x-a) k 



U 

1=0 



J[o,oo) ( x + A)(a + A) m 
(a polynomial of at most degree k — 1) + 7x fc + (— l) fc ~ m g(x 



where 



J\o,oo) [x + \){a + X) m 



'[o,oo) (x + X)(a + X) r 

belongs to P( m )(0,oo). □ 

The case m = version of Proposition 15.61 can be stated as follows: A function / G 
V^ k \0, oo) with the representing measure fi is of the form f(x) = ao + (— l) k g(x) with ao > 
and a non-negative operator monotone decreasing function g on (0, oo) if and only if 



/ Trr d vW <+oo. 

J[0,oo) 1 + A 



The proof is similar to the above. This suggests us to define V^(0, oo) as the set of all non- 
negative operator monotone decreasing functions on (0, oo); then (0, oo) C — (0, oo) C 

p( 2 Ho,oo). 



Lemma 5.7. Let k G N and f G V^ k \0,oo). Then lim x \oxf(x) and lirn r _ 5 . 00 f(x)/x k exist 
and 

,. #/^/( _00 ' ] if k is odd, f(x) 
hmxj[x) G < hm G 0,ooJ. 

z\o I [0, oo) ?/ k is even, x ^°° x k 
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Proof. First, assume that g is an operator monotone function on (0, oo). From the integral 
representation of g, it is easy to show that lim^x o xg{x) and lim a; _). 00 g(x)/x exist and 

lim xg(x) G (-00, 0], lim G [0, 00) , (5.7) 

x\0 x->oo x 

see also [20^ Corollary 2.7]. Next, assume that / G V^{0, 00). By Corollary E3] there is an 
operator monotone function g on (0, 00) such that / is a sum of a polynomial of degree less 
than or equal to k — 2 and (x — l) k ~ 1 g(x). This together with (|5.7p yields the conclusion. 
(In fact, by using the Lebesgue convergence theorem, one can easily see from (|5.2p that 
7 = lim^; ->oo f(x)/x k , the coefficient of fcth degree of /.) □ 

Proposition 5.8. Let k, m G N with k < m. For a real function f on (0, 00) the following 
are equivalent: 

(i) /G^ fc )(0,oo); 

(ii) {-l) m ~ k f G p( m )(0,oo) andlim x ^ O0 f(x)/x k G [0,oo). 

Proof. (i) =>■(„). Assume that / G V^ k \0,oo), and let 7 > be the coefficient of the kth 
degree and \i the representing measure of /. Then (-l) m ~ k f g p( m )(0,cx)) by Proposition 
15.21 and Lemma 15.71 implies that lmxj._5.00 f(x)/x k G [0, 00). 

(ii) =>• (i). It suffices to prove the case where k = m — 1, that is, 

(*) if -/ G V (m) {0,oo) and _m__ Voo /(_■)/_■ m_1 G [0,oo), then / G T^™" 1 ) (0, 00). 

Indeed, assume that (ii) holds for k < m. Since lim x _ ! . 00 (— l) m_fe_1 /(x)/x m_1 G [0, 00) (in 
fact, \mx x ^ 00 f{x)/x m - x = if k < m-1), we apply (*) to have (-l) m - k ~ l f g V {rn ~ l) (0, 00). 
If fe < m — 1, then we apply (*) again to have (-l) m - k ~ 2 f _ p( m " 2 ) (0, 00). Repeating this 
procedure yields that / G "P^^O, 00). 

To prove (*), assume that -/ G P (m) (0,oo) and lim^^ f (x) / x^ 1 G [0,oo). Let 70 > 
and n be the coefficient of the mth degree and the representing measure of — /, respectively. 
With a G (0, 00) we have 

/(*) = E ^77^ ( x " «)' " ^ x " °) m " / r ixvTxvm d ^ x G (°. °°)- 
jz£ _[o,oo) (» + A)(a + A) m 



Since 

1 /* (x — _) m /" x — a 

lim r / — — — da(X) = lim / — — — du(\) 

x^oo x™- 1 J [0>oo) (x + A) (a + X) m PV ™7[o,oo) (x + A) (a + \) m 

dn{\) 



[0,00) (a + A) r 

by the monotone convergence theorem, the assumption Wnix^oo f (x) / x rn ~ l G [0, 00) implies 
that 70 = and 

71 := ^ }t/ " / , TTw ^( A ) e [0, 00) (5.8) 

(m-1)! 7[ ,oo) (a + A) m 
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and hence 

■d/i(A) < +00. (5.9) 



/ 

J\o. 



'[0,00) (« + A) r 
Since 

(x - a) m _ (x - a)™" 1 (x - a)™" 1 



(x + A) (a + A) m (a + A) m (x + A) (a + A)™- 1 ! 

one can write 



m— 1 

E 



/<"(< 



/<*) = u <*-<•)■-<« - or- / *w 



/• ( x _ a)" 1 " 1 

+ 7 M (x + A)(a + A)».-l d " W 

~ ii J[o,oo) (x + A)(a + A) m 

Thanks to (fOj) and ([579]) this implies that / G p( m ~ 1 )(0, 00). □ 

Concerning operator absolutely /completely monotone functions on (0, 00) (introduced in 
the previous section) we have 

Proposition 5.9. Let f be a smooth real function on (0, 00). Then f is operator absolutely 
monotone if and only if f(x) = ax+(3 with a, /3 > 0. Also, f is operator completely monotone 
if and only if f is a non-negative operator monotone decreasing function on (0, 00). 

Proof. Assume that / is operator absolutely monotone. Then we have, in particular, / G 
pW(0, 00) nPP'(0, 00) so that ±f G P (2) (0, 00) by Proposition E75J Hence / is a polynomial 
of degree less than or equal to 2. But thanks to Lemma 15.71 / must be a linear function 
ax + (3. Since f(x) > on (0,oo), we have a, j3 > 0. The converse implication is obvious. 

Next, assume that / is operator completely monotone. In particular, / G — V^(0, 00), 
that is, / is operator monotone decreasing on (0, 00), and moreover / is non-negative. Con- 
versely, let / be non-negative and operator monotone decreasing on (0, 00). Then by Proposi- 
tion !5.2l we have / G (— l) k V^ k \0, 00) for all k G N, so / is operator completely monotone. □ 

6 Examples 

In this section we present several examples of operator /c-tone functions on (0, 00). First, 
recall a convenient way to obtain operator /c-tone functions on (0, 00). Let g be an operator 
monotone function on (0, 00), k, m G N with m < k, and let ai, . . . ,a m G (0, 00). By 
Corollary 13.41 and Proposition 15.21 we obtain 

(-l^-^jn^-^j^) e^ fc )(o,oo). (6.1) 

Furthermore, by taking the limit as ct\ \ 0, (|6.ip is valid for any ax,..., a m G [0, 00) with 
any m < k. 
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Example 6.1. Note that — x T and x r (x — a) are operator monotone on (0, oo) for every 
r G [—1,0] and a G [0, oo). For each k G N and every a±, . . . , a& G [0, oo), by (|6.ip we have 

m 

(-l) k ~ m x r Y[(x-ai) €VW(0,ao) 
i=i 

if r G [—1, 0] and m = 0, 1, . . . , k. 

Concerning the power functions ±x p on (0, oo) with p G K, let us prove that, for each 
k G N, x p G P^(0, oo) if and only if 

jp G [0, 1] U [2, 3] U • ■ ■ U [fe — 1, k] if fc is odd, 
\p G [-1,0] U [1,2] U • • • U [k - l,k] if k is even, 

and — x p G V^(0, oo) if and only if 

fpe[-l,0]U[l,2]U---U[jfe-2,fc-l] if k is odd, 
\p G [0, 1] U [2, 3] U • • ■ U [Jfe - 2, k - 1] if k is even. 

We need to prove the "only if parts. By Lemma 15.71 note that p 6 [— l,k] is necessary for 
±x p to belong to 7^^(0,00). Since 

d k 

— x p = p(p - 1) • • • (p - k + l)x p ~ h , x G (0, oo), 

the condition p(p — 1) • • • (p — k + 1) > (resp., p(p — 1) • • • (p — k + 1) < 0) is necessary 
for x p (resp., — x p ) to belong to "P( fc )(0,oo). Therefore, ([6.2p is necessary for x p to belong to 
7>( fc )(0,oo), and (JO]) is necessary for —x p to belong to V^ k \0, oo). 

Example 6.2. Since logx is operator monotone on (0,oo), for each k G N and every 
Qi, . . . , afc_i G [0, oo), by (|6.ip we have 

(-l)*-™- 1 jfj(x - Qi)| logx G V {k) {0, oo), m = 0, 1, . . . , k - 1. 

Concerning the functions ±x p logx on (0, oo) with p G K, we prove that, for each G N, 
x p log x G "P^- 1 (0, oo) if and only if 

fp€{0,2,...,Jfe-l} if k is odd, 
1 p G {1, 3, . . . , k — 1} if A; is even, 

and — x p logx G pw(0, oo) if and only if 

{p G {1, 3, . . . , k — 2} if A; is odd (empty if /c = 1), 
p G {0, 2, . . . , k - 2} if k is even. 

It is enough to prove the "only if parts. By induction one can compute 

■^ T (x p logx) = x p - k {p{p - 1) ••• (p - k + l)logx + Q k {p)}, k = 1,2,..., 
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where Qi(p) := 1 and 



fc-i 



Qk{p) := J>(p - 1) • • • (p - i - !)(P - i + 1) ■ ■ ■ (P - A; + 1), k > 2. 

i=0 

Hence, if p g" {0, 1, . . . , k — 1}, then [x p log x) takes both positive and negative values on 
(0, oo), so neither x p logx nor — x p logx belongs to P^(0, oo). Moreover, if both ±x p logx 
belong to V^ k \0, oo), then x p logx must be a polynomial of at most degree k — 1, which is 
impossible. Combining these facts shows the assertions. 

Example 6.3. Note that —l/(x + 1) and x/(x + 1) are operator monotone on (0, oo). By 
(|6.ip . for each k G N and every a.\, . . . , at G [0, oo), 

± \\{x-ai) € V (k) (0,oo), m = 0,l,...,fc. 

x z=i 

Concerning the functions ±x p /(x + 1) on (0, oo) with p G M, let us show that, for each 
k G N, x p /(x + 1) G P (fe) (0, oo) if and only if 

{p G {1, 3, . . . , k} if k is odd, 
p G {0, 2, . . . , k} if is even, 



and -x p /(x + 1) G p( fc )(0, oo) if and only if 

fp€{0,2,...,fc-l} if k is odd, 
1 p G {1, 3, . . . , k — 1} if k is even. 

By induction one can compute the kth derivative 
d k 

— f (x7(x + 1)) = xP" fc (x + l)-( fe+1 )Q fc (x), fc = 1, 2, ... , 

where Qk(x) is a polynomial given as 

Q k {x) = (p-l){p-2)---{p-k)x k 

+ 4-i xfe_1 + • • • + a x fc) x + — 1) • • • (p — fe + 1), 

that is, Qk(x) is a polynomial of at most degree k with the coefficient (p — l)(p — 2) • • • (p — k) 
of x k and the constant term p(p — 1) • • • (p — k + 1). If x p /(x + 1) G V^ k \0,oo), then 
p /(x + 1)) > so that Q k (x) > for all x G (0, oo). Therefore, we must have 



dx k lJ 



(p - l)(p - 2) • • • (p - jfe) > 0, p(p - 1) • • • (p - jfe + 1) > 0. 
These imply that 

jp G {1, 2, 3, . . . , k - 1} U [fc, oo) if k is odd, 

[p G (-oo,0] U {1,2,3,... , fc - 1} U [fc,oo) if k is even. 
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On the other hand, if —x p /(x + 1) 6 V^ k \0, oo), then we must similarly have 
- 1)0 - 2) • • • (p - k) < 0, p(p - 1) • • • (p - jfe + 1) < 0. 
These imply that 

p G (-oo, 0] U {1, 2, 3, . . . , jfe - 1} if k is odd, 
p G {1, 2, 3, . . . , k — 1} if fe is even. 

Here ±x p /(x + 1) cannot belong to P^(0,oo) at the same time. Hence it remains to show 
that x p /(x + 1) does not belong to V^ k \0,oo) if p G (k,oo) and that ±x p /(x + 1) do not 
belong to € V^ k \0, oo) if p G (—oo, 0). In the case k = 1, these can be shown by appealing to 
the analytic continuation property (as Pick functions) of operator monotone functions. Then 
one can use an induction argument based on a characterization of / € V^ k \0, oo) in terms of 
q,^ . . . ; a ) given in Theorem 13.31 while the details are omitted. 

Example 6.4. It is well known that (x — l)/log x is operator monotone on (0, oo). By (|6.ip . 
for each k G N and every a\,..., € [0, oo), 

(-l) fc - ro-1 jnC* - ^ e Vik) (°> °°)> m = 0, 1, ... ,A; — 1. 

Concerning the functions ±x p (l — x)/ log x on (0, oo) with p € R, we notice that, for each 
G N, x p (l - x)/ log a; G (0, oo) if and only if 

p G {0,2, . . . , k - 1} if is odd, 
p G {1, 3, . . . , k — 1} if fe is even, 

and — x p /logx G 'P^ c )(0,oo) if and only if 

p G {1, 3, . . . , k — 2} if A; is odd (empty if fe = 1), 
p £ {0, 2, . . . , k — 2} if A; is even. 

The proof of these assertions is more or less similar to those of the above examples. We omit 
the details here. 
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